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Abstrat

Nonlinear simulations of sawteeth and energeti partile transport are arried out using the kineti/MHD

hybrid ode M3D-K. MHD simulations show repeated sawtooth yles for a model tokamak equilibrium. Fur-

thermore, test partile simulations are arried out to study the energeti partile transport due to a sawtooth

rash. The results show that energeti partiles are redistributed radially in the plasma ore depending on pith

angle and energy. For trapped partiles, the redistribution ours for partile energy below a ritial value in

agreement with existing theories. For o-passing partiles, the redistribution is strong with little dependene

on partile energy. In ontrast, the redistribution level of ounter-passing partiles dereases as partile energy

beomes large.

1 INTRODUCTION

Sawtooth osillations, �rst observed in the 1970s[1℄, are periodi internal magneti reonnetion events whih our in

near axis region in tokamak plasmas. They are mainly aused by internal kink mode with heliity m/n = 1, and are

haraterized by repeatedly ollapse of the entral plasma temperature. Sawtooth osillations an indue signi�ant

transport of energeti partiles(beam ions, bulk partiles energized by auxiliary heating, and fusion produts). In

burning plasmas suh as in ITER[2℄ sawteeth an inrease alpha partile losses and damage the �rst wall of fusion

reators. So far, the sawteeth-indued redistribution of energeti partiles has been observed and studied in many

experiments[3, 4, 5, 6, 7, 8℄.
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Initial theoretial studies[9, 10℄ of energeti partile transport due to sawtooth osillations simply treated energeti

partiles as bulk plasmas and assumed that the partiles are attahed to magneti �ux surfaes. Later, the importane

of toroidal preession drift was demonstrated and a ritial energy was found[11, 12, 13℄, above whih the frozen-

in-line ondition is broken and the trapped partiles are slightly redistributed. This predition was on�rmed in

reent experiments on DIII-D[6℄. Finally, resonane between energeti partiles and the eletromagneti �elds of the

sawteeth was onsidered[14, 15℄. These results have been reviewed in [16℄. Also, the e�et of high β (the ratio of bulk

plasma pressure to the magneti �eld pressure) was studied in spherial tori and was found to play an important

role on trapped partiles[17℄.

Two approahes have been used to desribe the bakground sawtooth, whih are used to simulate energeti par-

tile transport. The �rst approah assumes full magneti reonnetion and applies theoreti models to desribe

bakground sawteeth, and the seond approah presribes eletromagneti perturbation based on experimental mea-

surements. Kolesnihenko et al.[11, 12℄ simulated energeti partile transport due to a sawtooth whih evolved based

on Kadomtsev model[18℄. Zhao and White[19℄ modeled sawtooth mode struture and evolution based on experi-

mental parameters and simulated alpha partile transport in TFTR. They found that the stohastiity of magneti

�eld lines was important for alpha partile redistribution. Farengo et al.[20, 21℄ reonstruted the mode struture

and temporal variation of sawteeth from the experimental data. However there has been little work so far on using

self-onsistently evolving bakground sawteeth to study energeti partile transport.

In this work, the bakground sawteeth are self-onsistently studied by using the resistive MHD model with M3D-

K ode and the orresponding energeti partile transport is simulated using test partile approah. Our simulation

results show that energeti partiles are redistributed radially in entral plasma region and the redistribution level

depends strongly on pith angle and energy. For the trapped partiles, there exits a ritial energy above whih

partiles are weakly redistributed. This result is onsistent with existing theories. For the passing partiles, the o-

passing partiles are strongly redistributed, and the redistribution of the ounter-passing partiles beomes weaker

as the partile energy inreases. The mehanism for the di�erene in the behaviors between the o-passing and

ounter-passing partiles is investigated.

This artile is organized as follows: Se. II brie�y introdues the ode and parameters used in our simulation;

Se. III desribes and analyses the simulation results of sawteeth and related energeti partile transport; Disussion

and summary are given in Se. IV.

2 M3D-K MODEL AND BASIC PARAMETERS

2.1 Numerial models used in M3D-K

The 3D nonlinear extended MHD ode M3D-K is used in our simulation, and the kineti/MHD hybrid model is

applied in M3D-K whih treats thermal ions and eletrons as a single �uid and desribes energeti partiles using
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drift kineti equation. For the MHD part, the dissipative MHD model onsists of the full resistive MHD equations

and additional dissipative terms inluding visosity and heat ondution as well as soures of partile, momentum,

and heat[22℄. In addition, the arti�ial sound wave method is used to model fast thermal ondution along magneti

�eld lines(Eq. (8) and (9) in the Ref. [22℄). For the energeti partile part, Partile-In-Cell(PIC) method is

employed[24℄. The M3D-K ode has been widely applied to study MHD modes and energeti partile instabilities in

tokamaks[23, 24, 25, 26, 27, 28, 29℄.

2.2 Parameters and initial pro�les

In this work, a irular ross-setion tokamak with aspet ratio R0/a = 4 is simulated, and Spitzer resistivity pro�le

is η(T ) = η0(T/T0)
−3/2

, where η0 and T0 are the resistivity and temperature at the magneti axis. In our simulation,

η0 = 10−5
and orrespondingly Lundquist number S = 1/η0 = 105. The initial equilibrium is obtained from the

equilibrium ode VMEC. The pressure pro�le is given by p(Ψ) = p0[0.75(1 − Ψ) + 0.25exp(−Ψ/0.25)] , where Ψ is

the normalized poloidal �ux variable varying from 0 at axis to 1 at the edge of the plasma, entral thermal beta

β0 = 4.38%, The safety fator pro�le is given by

q(Ψ) = q0 +Ψ[q1 − q0 + (q′1 − q1 + q0)
(1 −Ψs)(Ψ − 1)

Ψ−Ψs
], (1)

where Ψs = (q′
1
−q1+q0)/(q

′
0
+q′

1
−2q1+2q0), q0 = 0.7, q1 = 3.6, q′

0
= 2.0, and q′

1
= 5.0. Fig. 1 plots the equilibrium

pressure and q pro�les.
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Figure 1: Equilibrium pro�le of pressure and q.
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Energeti partiles are loaded with disrete values of pith angle and energy and are distributed exponentially in

radial diretion,

f =
∑

i,j

exp(−〈Ψ〉 /0.25)δ(E − Ei)δ(Λ− Λj), (2)

where Λ ≡ µB0/E is the pith angel, and 〈Ψ〉 is Ψ averaged over the partile orbit. Using the de�nition of toroidal

angular momentum, we obtain

〈Ψ〉 = pφ/e−
M

e

〈

v‖R
Bφ

B

〉

, (3)

where e and M is the partile harge and mass respetively. We use the following approximations for simpliity[24℄,

〈

v‖R
Bφ

B

〉

≈ 0 (4)

for trapped partiles and

〈

v‖R
Bφ

B

〉

≈ sign(v‖)vR0

√

1− µB0/E (5)

for passing partiles, where B0 and R0 is the magneti �eld amplitude and major radius at the magneti axis

respetively.

3 SIMULATION RESULTS AND ANALYSIS

3.1 Numerial Results

3.1.1 Bakground sawteeth results with M3D ode

In this setion we present the MHD simulation results using M3D ode. The linear simulation of the given equilibrium

�nds an unstable kink mode with dominant mode number n = m = 1. The mode struture is shown in FIG. 2.

We observe that the mode is mainly loated inside the q = 1 rational surfae. The alulated linear growth rate

is γτA = 0.0283, where τA is the Alfvén time: τA ≡ R0/VA. Furthermore, the mode is ideally unstable with

γτA = 0.544% at η = 0. As shown in FIG. 3, for S ranging from 3.33× 104 to 106, the linear growth rate sales as

S−1/3
. Aording to Ref. [30℄ the mode is a resistive internal kink although this mode is ideally unstable.
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Figure 2: Veloity stream funtion U of the eigenmode.
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Figure 3: The linear growth rate versus Lundquist number S. S = 3.33× 104, 105, 3.33× 105, 106 respetively.

Now we turn to the nonlinear study with M3D ode. To initialize the nonlinear simulation, the urrent and heat

soures are presribed to maintain the equilibrium urrent and pressure pro�les steady state without 3D perturbation.

The 3D nonlinear simulation starts with an n = 1 perturbation whih evolves into an n = 1, m = 1 internal kink
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instability. FIG. 4(a) shows the evolution of the total kineti energy and the entral temperature T(0). Here time

is normalized as the Alfvén time τA. We observe that periodi sawtooth osillations are suessfully simulated. It

should be noted that the �rst sawtooth rash has a muh larger kineti energy as ompared to those of subsequent

rashes beause it depends on details of the initial onditions. Therefore we determine the sawtooth period from

the subsequent repeated sawtooth rashed. This gives the sawtooth period around 328τA. As shown in FIG. 4(b),

toroidal modes up to n=6 are kept in our simulation, di�erent mode are oupled together with the n = 1 mode being

the dominant one.
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Figure 4: (a) Evolution of total kineti energy and T(0). In the next setion energeti partile transport is simulated

from t = 970τA to t = 1305τA. (b) Evolution of kineti energy of di�erent toroidal number n.

Our results show that the resistive internal kink mode results in omplete magneti reonnetion in a sawtooth

rash similar to the Kadomtsev model[18℄. Time evolution of the magneti �ux surfaes during one typial sawtooth

yle is shown in FIG. 5. First, a magneti island forms around the q = 1 rational surfae. Then, during the growth

of the magneti island, the sawtooth rash mixes the entral plasma region with the outer region, resulting in ooling
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of the ore. As the urrent soure drives the safety fator q below unity in the entral region and the pressure soure

heats up the ooled ore region, the magneti surfaes are almost reovered in the ore region and the magneti

island beomes the new axis. Then the sawteeth yle repeats again.

Figure 5: Poinaré plots of magneti surfaes at φ = π/2 shows the evolution of sawteeth during one period. (a)

Initial state: t = 970τA. (b) Before seond rash: t = 1030τA. () Island growing: t = 1100τA. (d) After seond

rash:t = 1145τA. (e) Nonlinear phase: t = 1220τA. (f) Final state: t = 1305τA. (a) and (f) orresponds to mostly

reovered �ux surfaes.

3.1.2 Energeti partile transport using M3D-K ode

We now present the results of energeti partile transport due to a sawtooth. The bakground sawteeth is self-

onsistently simulated using the resistive MHD model as shown above. The magneti surfaes at t = 970τA and

t = 1305τA are mostly reovered(as shown in FIG. 5(a) and FIG. 5(f)), so the energeti partile redistribution is

simulated within this time period and the rash time of the sawtooth yle is around 115τA(from t = 1030τA to

t = 1145τA).

Here we brie�y interpret the physial piture of energeti partile transport given by Kolesnihenko et al.[11, 12℄.

The energeti partiles are assumed to have small orbit width ∆rb ≪ rmix, where ∆rb is the partile orbit width and

rmix is the sawtooth mixing radius. Considering the boune-avergedmotion of a partile, there are three harateristi

time sales to determine the property of energeti partiles' transport due to a sawtooth: (1) the toroidal preession

duration τpr whih is related to the partile toroidal drift motion, (2) the longitudinal time τΨ whih represents

for the harateristi time of the boune-averaged motion along the helial perturbed �ux surfaes, (3) the rash

time τcr whih is the duration of the E × B drift motion. If the sawtooth rash is su�iently fast(τcr ≪ τpr),

energeti partiles are attahed to magneti �eld lines and move together with the evolving �ux surfaes due to the

E × B drift, but the redistribution is weakened by the toroidal preession drift as the partile toroidal preession
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motion leads to strong phase mixing and deorrelation between the partile motion and the sawtooth, whereas the

e�et of the toroidal preession motion is weakened by the partile longitudinal motion. For the trapped partiles

τΨ = τpr/ |q − 1|, and for the passing partiles τΨ = τt/ |q − 1|, where τt is the partile transit time. As in our

simulation, during one sawtooth period, q is almost unity inside the sawtooth range, so we just need to ompare τpr

with τcr and the ondition for weak redistribution is: τpr ≪ τcr.

Also the third adiabati invariant ould be applied to get the ondition above. when τpr ≪ τcr, the third adiabati

invariant J3 =
´

vddl is almost unhanged, as a result partiles are weakly redistributed. τpr = τcr gives the ritial

energy of trapped partiles,

Ecrit = 2πMksrsR0ωB/τcr, (6)

where M is the ion mass, k is the elliptiity, ωB is the ylotron frequeny and the subsript 's' means the values at

the q=1 �ux surfae.

Energeti partiles are loaded as given in Eq. (2), and the redistribution level of di�erent type of energeti

partiles is shown in FIG. 6, and the redistribution level is de�ned as

ˆ

|δf | dPφ/

ˆ

fdPφ ≡

´

|f(t)− f(t = 970τA)| dPφ
´

f(t = 970τA)dPφ
, (7)

here Pφ = pφ/e represents the partile radial position, and energy is normalized by Ecrit whih is alulated aording

to Eq. (6). Ecrit orresponds to

vh/vA = 0.7275, ρh/a = 0.04656, (8)

where vh and ρh are the veloity and gyroradius of the partiles with energy equals Ecrit.

From FIG. 6 the results show that energeti partiles are redistributed depending on pith angle and energy. For

the trapped partiles and ounter-passing partiles, the redistribution level dereases as the partile energy beomes

large. For the o-passing partiles, the redistribution is strong with little dependene on the partile energy. Detailed

distribution funtions of energeti partiles with three disrete energy at t = 970τA and t = 1305τA are shown in

FIG. 7. In the following ψ denotes for the poloidal �ux. As the orbit width is small for the 0.25Ecrit partiles,

Aording to Eq. (3), (4) and (5), ompared to the initial distribution at t = 970τA, the distribution for all types of

partiles at t = 1305τA is redued for 〈ψ〉 is less than -0.247, and inreased with 〈ψ〉 ∈ [−0.247,−0.2] , and is almost

unhanged where 〈ψ〉 is larger than -0.2. As the q = 1 surfae is loated at ψ = −0.247, and the sawtooth boundary

is found to be around ψ = −0.2, so energeti partiles inside q = 1 surfae is transported out of the q = 1 surfae

due to magneti reonnetion e�et, and the radial range of the redistribution is inside the sawtooth region.

Time evolution of the redistribution level is shown in FIG. 8, from whih we an see that after the sawtooth

rash(t = 1145τA), energeti partiles are still transported and the redistribution level beomes saturated around

t = 1220τA. As shown in FIG. 5(e), at t = 1220τA the new magneti axis forms and the hange of magneti �ux

is relatively small from t = 1220τA to t = 1305τA. Sine the redistribution of energeti partiles is as a result of
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partiles moving with the magneti �ux surfaes, the redistribution level of energeti partiles are almost unhanged

during this time period.
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3.2 Analysis of results on trapped partiles

For trapped partiles, as mentioned above, the q = 1 surfae is loated at ψ = −0.247. FIG. 9 shows the preession

frequeny of trapped partiles as a funtion of energy and averagedψ. Averaged ψ is de�ned as (ψmax+ψmin)/2,where

ψmax and ψmin is the maximum and minimum of poloidal �ux for a partile to go through in one boune/transit

period. When the energy of the trapped partiles is larger than 0.8Ecrit, the partiles inside the q = 1 surfae have

strong toroidal preession drift and they would be weakly redistributed, as the red line shown in FIG. 6.

Figure 9: Preession frequeny of trapped partiles. The dashed line(blak) shows q = 1 surfae loation, and the

solid line(white) represents for ωpr = 2π/τcr, and the solid line and the dashed line intersets around 0.8Ecrit.

To investigate the saling of the ritial energy, we san the sawtooth rash time by varying resistivity. The results

of the redistribution levels of trapped partiles from suh a san are shown in FIG. 10(a), here Ecrit is normalized

by di�erent rash time of the bakground sawtooth. We denote redistribution level as g ≡
´

|δf | dpφ/
´

fdpφ, and

de�ne the ritial energy in our simulation as the �rst point when |∂g/∂E| < 0.02, and is labeled as Esim, and

relationship between Esim and the rash time is shown in FIG. 10(b). We observe that that the ritial energy from

our simulations is approximately inversely proportional to the rash time as previously predited[11℄ (see Eq. (6)).

Also from Eq. (6), the ritial energy of trapped partiles is independent of the partile mass. This is on�rmed by

our simulation results as shown in FIG. 11.
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Figure 10: (a) Redistribution level of trapped partiles due to sawteeth with di�erent rash times. (b) Reiproal of

Esim as a funtion of rash time. Esim is normalize by v20/2, where v0 ≡ ǫvA = avA/R0.
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ms = 1 orresponds to baseline ase.

3.3 Analysis of results on passing partiles

When the orbit width ∆rb of passing partiles is small (∆rb ≪ r, where r is the radial oordinate) and the plasma

ross setion is irular, the preession frequeny is given by[31℄[32℄

ωpr = ξ
v2

R2
0
ωB0

= aE + σvbm
1/2E3/2, (9)

where

ξ = q(
1

q2
− 1−

3∆′

2ǫ
−
r∆′′

2ǫ
+ σv

ŝqρ

rǫ
), (10)

ωB0 = eB0/Mc with B0 = B(r = 0), ρ = v/ωB0, ∆
′ = d∆/dr, ∆′′ = d2∆/dr2 and σv ≡ sign(v‖). From Eq. (9)

we see that the preession frequeny of o-passing and ounter-passing partiles is quite di�erent and the di�erene

beomes larger when partile energy inreases.

Comparison of preession frequeny of passing partiles alulated from Eq. (9) and from our simulations is

shown in FIG. 12, they are almost the same within the q = 1 surfae.
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Figure 12: Preession frequeny of passing partiles as a funtion of normalized poloidal �ux variable Ψ, here

'simulation' denotes for simulation results, and 'analyti' means alulated values from Eq. (9). As shown in FIG.

1, Ψ = 0.145 orresponds to q = 1 surfaes.

The preession frequeny of passing partiles inside the q = 1 surfae is shown in FIG. 13. For the o-passing

partiles, inside this region ωpr < 2π/τcr, so the o-passing partiles are strongly redistributed. In ontrast, the

preession frequeny of the ounter-passing partiles are muh larger than the o-passing partiles, and when the

energy of the ounter-passing inreases, ωpr would exeed 2π/τcr, and orrespondingly the redistribution level of the

ounter-passing partiles is weakened.
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Figure 13: Preession frequeny of passing partiles. (a) Co-passing partiles. (b) Counter-passing partiles. In the

�gure the solid line(white) represents for ωpr = 2π/τcr.

As shown in FIG. 6, the ounter-passing partile redistribution level dereases graduately with energy. For this

reason we de�ne Esim of the ounter-passing partiles roughly as the �rst point at whih the redistribution level is

less than 50% of the redistribution level of the ounter-passing partiles with energy equals 0.25Ecrit. From Eq. (9)

and the ondition ωpr = 2π/τcr, the ritial energy of ounter-passing partiles would derease when the sawtooth

rash time inreases, and this is veri�ed in FIG. 14. Also aording to Eq. (9), the ritial energy of ounter-passing

would depend on the mass, whih is di�erent from that of trapped partiles. This is also on�rmed in our simulations

as shown in FIG. 15.
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Figure 14: (a) Redistribution level of ounter-passing partiles due to a sawtooth with di�erent rash time. (b)

Critial energy Esim as a funtion of rash time.
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Figure 15: Redistribution level of ounter-passing partiles with di�erent mass, ms is a fator proportional to mass,

and ms = 1 orresponds to baseline ase.

As shown in FIG. 16, the redistribution level of the ounter-passing partiles with di�erent pith angle Λ has

similar trends as energy inreases. When the energy of the o-passing partiles is su�iently large, the redistribution

level would derease either but muh slower than the ounter-passing partiles. Sine ρh/a is less than 0.1 for present

tokamak devies and future tokamak reators, we fous on the partiles with energy less than 4Ecrit, and in this

energy range the o-passing partiles are strongly redistributed.

The di�erene between the redistribution of o-passing and ounter-passing partiles is also found reently by

Farengo et al.[21℄. Atually they found with ITER-like parameters, the o-passing partiles are redistributed weaker

than the ounter-passing partiles, and they mentioned that the opposite ould happen if the mode is propagating

with another diretion. In our simulation the mode frequeny is almost zero, and if the mode is propagating with

�nite frequeny, the ondition ωpr = 2π/τcr is hanged to |ωpr + ω| = 2π/τcr, where ω is the mode frequeny. With

this ondition we ould also explain the di�erent redistribution level of passing partiles when the diretion of mode

propagation is hanged as the sign of ω is hanged.
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Figure 16: Redistribution level of o-passing and ounter-passing partiles with Λ = 0.0, 0.2, 0.4.

4 DISCUSSION AND CONCLUSION

In onlusion, we have arried out nonlinear simulations of sawteeth and energeti partile redistribution due to a

sawtooth in tokamaks. In MHD simulations, we have showed repeated sawtooth osillations similar to the Kadomtsev

model for a model tokamak equilibrium. Furthermore, the M3D-K ode is used to investigate energeti partile

transport due to a sawtooth. The results show that energeti partiles are mainly redistributed radially in entral

plasma region, and the distribution is redued inside the q = 1 surfae, and inreased from the q = 1 surfae to the

sawtooth boundary , and is almost unhanged outside the sawtooth range, so energeti partiles inside the q = 1

surfae is transported out of the q = 1 surfae due to magneti reonnetion e�et, and the radial range of the

redistribution is inside the sawtooth region.

In addition, the redistribution level depends on partile pith angle and energy. For the trapped partiles, there

exists a ritial energy above whih partiles are weakly redistributed, and the ritial energy is approximately

inversely proportional to rash time and independent of partile mass. These results are onsistent with existing

theories. For the passing partiles, previous work showed that passing partiles are strongly redistributed inside the

sawtooth region. In our simulation, strong redistribution of the o-passing partiles is onsistent with previous pre-

dition. In ontrast, the redistribution level of the ounter-passing partiles has a muh stronger energy dependene.

The redistribution level dereases as partile energy inreases. The di�erene between redistribution behavior of

the o-passing and ounter-passing partiles is due to the di�erene in their preession frequenies. The preession

frequeny of the ounter-passing partiles is muh larger than that of the o-passing partiles leading to a stronger

energy dependene of the ounter-passing partile transport.
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