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Will give two talks at the workshop and four lectures after the workshop.

1. Introduction to Stellarators (This talk)

2. Stellarator Divertors

3. Large Stellarator Experiments and Reactors

4. Mathematical Description of Stellarators

5. Stellarator Optimization

6. Planning Stellarator Research

These talks are intended to be sufficiently independent that later talks can be understood
without having heard the earlier talks.
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and

Fig. 1 Equilbria from a NCSX,
a quasi-axisymmetric plasma,
b W7-X, a quasi-omnigenous
plasma, and c HSX, a quasi-
helically symmetric plasma. In
all cases the color represents |B|
on a flux surface
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Why a poloidal field is required.

Ways the poloidal field can be produced.

Benefits of poloidal field production by
external coils.

Poloidal field production.

Particle confinement in stellarators.

Important adiabatic invariants.

Controlling magnetic field strength to be quasi-symmetric.

Controlling magnetic field strength to be quasi-isodynamic.

Three types of stellarators that give enhanced particle confinement.
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Poloidal Magnetic Field Required for Toroidal Plasma Confinement

Both a poloidal (short way) and a toroidal (long way) magnetic field are required to
balance the plasma pressure gradient ~∇p = ~j × ~B.

Follows from ~∇ ·~j = 0 in an equilibirium and ~j = (j||/B) ~B +~j⊥, so

~B · ~∇
j||
B

= −~∇ ·~j⊥ = −( ~B × ~∇p) · ~∇ 1

B2
=

2

B

∂p

∂z
when ~B =

µ0G

2πR
ϕ̂.

The return current, ~B · ~∇(j||/B), requires poloidal field to balance ∂p/∂z.
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plasma. Coil system is divided into four groups, and that is, the central solenoid coil, toroidal
field coils, poloidal field coils and correction coils. The overall design of the coils system is
shown in the following figure.

Fig. 2 Coils system of the ITER tokamak

SIMULATION OF THE ITER TOKAMAK’S MAGNETIC FIELD

The aim of the presented project was to analyze the distribution of the magnetic field in the
discharge chamber of the tokamak for different operating states of excitation coils. For this
purpose, the basic model of the tokamak was created in ANSYS program. Own calculation and
analysis of the magnetic field was done for separate excitation central solenoid coil, toroidal
field coils and poloidal field coils, and for the total combined excitation of these coils systems.
The following images show the view of prepared model of the ITER tokamak, shown is the part
of the model containing the tokamak torus and then the overall coil system used in the model.

Model of the torus Model of the coils

Fig. 3 View on the parts of the ITER tokamak model

The following table provides an overview of the basic samples of solved computational
simulations of the distribution of the magnetic field with a small sample of calculation results in
the form of distribution of magnetic flux density B[T] with marking of the considered operating
current.

Central solenoid 45 [kA]
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German Continuous Nuclear Fusion Reactor Milestone
Eric Worrall / December 17, 2015

“W7X-Spulen Plasma blau gelb” by Max-Planck Institut für Plasmaphysik – Max-Planck
Institut für Plasmaphysik. Licensed under CC BY 3.0 via Commons –

https://commons.wikimedia.org/wiki/File:W7X-
Spulen_Plasma_blau_gelb.jpg#/media/File:W7X-Spulen_Plasma_blau_gelb.jpg

Guest essay by Eric Worrall

Germany has activated its new Wendelstein 7-X Stellarator reactor for the first time, briefly
testing its ability to heat and contain a Helium plasma. The German Stellarator is the first
nuclear fusion reactor ever built which has a chance of hitting break even – or at the very
least, of maintaining a sustained nuclear fusion reaction for up to half an hour at a time.

According to World Nuclear News;
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PRMAT

Electron Collision Processes

Electron atom and electron ion collision cross sections are of
crucial importance in the analysis of many laboratory and
astrophysical plasmas including those arising in laser-plasma
interactions, controlled thermonuclear fusion devices such as
tokamaks, planetary atmospheres, stellar atmospheres,
gaseous nebulae, active galactic nuclei and supernovae.
Over the last twenty-five years a suite of programs based on
the R-matrix method have enabled vast amounts of accurate
electron collision and opacity data to be calculated by
international collaborations, which have had very wide
applications. However, in spite of this success, many
outstanding problems of importance cannot be treated by
these programs which were designed to run on scalar and
vector processors. As a result, a completely new parallel
program PRMAT has been developed at CCLRC's
Daresbury Laboratory [1], which is enabling a new class of
electron collision problems, involving many hundreds of
coupled target states, to be solved for the first time.

Atomic collisions influence the transport and energy balance
in the divertor and edge regions of tokamaks.

Detailed electron-atom collision data is
essential for the understanding of the

behaviour of plasmas, such as the
forbidden lines seen in the Orion nebula.

Two toroidal concepts have been ex-
plored at a large scale for the confinement
of fusion plasmas by magnetic fields:
tokamaks and stellarators.
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Ways to Produce the Poloidal Magnetic Field
The poloidal magnetic field can be produced in three ways

1. A net plasma current I (only possibility in an axisym-
metric tokamak).

2. A helical magnetic axis.

3. Shaped (often elliptical) magnetic surfaces (con-
stant p surfaces) that rotate with ϕ, the toroidal an-
gle.

A helical magnetic axis and rotating ellip-
tical surfaces can be produced by external
coils.

Stellarators by definition have a large part of their poloidal magnetic field produced by
external coils.

Stellarators cannot be axisymmetric, which makes the concept more subtle and
the design more difficult.
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Importance of Poloidal Field Production by External Coils
When the poloidal field is produced by a net plasma current I:

1. The maintenance of I is a major power drain. The maintenance of an electron current
against drag on background electrons requires a power density >∼ jnetEch. Bootstrap
current reduces but doesn’t solve this problem. Ech is the Connor-Hastie electric field;
|eEch| is the minimum force from background plasma drag for an electron of arbitrary energy.

2. The current profile j(r) is sensitive to non-linear transport physics and, therefore,
difficult to control.

3. The net current can be transferred from near thermal to relativistic electron carri-
ers, which could do major machine damage. This issue has not been adequately
addressed for ITER and is more severe in a tokamak reactor, NF 58, 036006 (2018).

A strong externally-produced poloidal field can:

1. Center the plasma in the chamber making disruptions avoidable.

2. As illustrated by W7-X, computational design allows large steps to be taken for fast
stellarator development—which is not possible for tokamaks.
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Poloidal Field Production
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where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant
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oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has
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have a large effective rotational transform, ieff # i& Np,
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QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
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incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and

Fig. 1 Equilbria from a NCSX,
a quasi-axisymmetric plasma,
b W7-X, a quasi-omnigenous
plasma, and c HSX, a quasi-
helically symmetric plasma. In
all cases the color represents |B|
on a flux surface
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 

0.000 
-0.001 
-0.001 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island

INSTITUTE OF PHYSICS PUBLISHING PLASMA PHYSICS AND CONTROLLED FUSION

Plasma Phys. Control. Fusion 43 (2001) A237–A249 PII: S0741-3335(01)29546-3

Physics of the compact advanced stellarator NCSX
M C Zarnstorff1, L A Berry2, A Brooks1, E Fredrickson1, G-Y Fu1,
S Hirshman2, S Hudson1, L-P Ku1, E Lazarus2, D Mikkelsen1,
D Monticello1, G H Neilson1, N Pomphrey1, A Reiman1, D Spong2,
D Strickler2, A Boozer3, W A Cooper4, R Goldston1, R Hatcher1,
M Isaev5, C Kessel1, J Lewandowski1, J F Lyon2, P Merkel6, H Mynick1,
B E Nelson2, C Nuehrenberg6, M Redi1, W Reiersen1, P Rutherford1,
R Sanchez7, J Schmidt1 and R B White1

1 Princeton Plasma Physics Laboratory, Princeton, NJ 08543, USA
2 Oak Ridge National Laboratory, Oak Ridge, TN 37831, USA
3 Columbia University, New York, NY 10027, USA
4 Ecole Polytechnique Federale de Lausanne, Lausanne, Switzerland
5 Kurchatov Institute, Moscow, Russia
6 Max Planck Institute for Plasma Physics, Greifswald, Germany
7 Universidad Carlos III de Madrid, Spain

E-mail: zarnstorff@pppl.gov

Received 22 June 2001
Published 22 November 2001
Online at stacks.iop.org/PPCF/43/A237

Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 

2083 Phys. Fluids B, Vol. 4, No. 7, July 1992 Grieger et a/. 2083 

Volume 129, number 2 PHYSICS LETTERS A 9 May 1988 

Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 

0.000 
-0.001 
-0.001 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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External coils can produce the toroidal field,
when Gc is the net poloidal current in the coils,

Bϕ =
µ0Gc

2πR
,

Large Aspect Ratio Approximation

The physics is easier to explain when the aspect
ratio of the torus R0/a → ∞. One can then use cylindrical coordinates (r, θ, z), where
z = R0ϕ, the periodicity distance around the torus is 2πR0, and the toroidal angle is ϕ.
For tokamaks and stellarators, Bϕ/Bθ ∝ R0/a→∞.

Positions in space are given by (Note θ has a backward sign from usual to make (r̂ × θ̂) · ϕ̂ > 0 with ϕ̂ = ẑ.)

~x(r, θ, ϕ) = rr̂(θ) + R0ϕẑ, where
dr̂

dθ
= −θ̂ and

dθ̂

dθ
= r̂.

6



Poloidal Field due to a Net Plasma Current I

Bθ =
µ0I(r)

2πr
; field line twist is ι(r) =

dθ

dϕ
=

~B · ~∇θ
~B · ~∇ϕ

=
Bθ/r

Bϕ/R
=
R

r

Bθ

Bϕ
.

ι(r) is called the rotational transform and is the inverse of the safety factor
ι(r) = 1/q(r). In tokamaks, q(0) ≈ 1 and at the edge r = a the safety factor
q(a) ≈ 3.

	

			
	

The poloidal magnetic flux is ψp = 2πR0

∫
Bθdr.

The toroidal magnetic flux ψt =

∫
Bϕ2πrdr.

The rotational transform ι ≡ dψp
dψt

=
R

r

Bθ

Bϕ
.
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Poloidal Field due to a Helical Magnetic Axis
Circular, r = r0 magnetic surfaces around an arbitrary magnetic axis, ~xa(`), are given

by
~x(r, ϑ, `) = ~xa(`) + r cosϑκ̂ + r sinϑτ̂ .

The orthonormal Frenet unit vectors are b̂a = d~xa/d`, κ̂, and τ̂ , where db̂a/d` = κκ̂

with κκ̂ the curvature of the axis, dκ̂/d` = −(κb̂a + τ τ̂ ) with τ τ̂ the torsion of the axis,
dτ̂/d` = τ κ̂, and b̂a × κ̂ = τ̂ .

d~x

d`
= b̂a + r sin θ

(
τ − dϑ

d`

)
κ̂ + r cos θ

(
dϑ

d`
− τ
)
τ̂

The rotational transform due to torsion ιt can be found from the advance in ϑ per
toriodal circuit,

∆ϑ =

∮
τd` = 2π (ιτ −Np)

Np is the number of times the curvature vector winds around the axis, where

~xa =
R0∆τ

Np
ρ̂(ϕ) + R0R̂(ϕ), with ρ̂ ≡ R̂ cosNpϕ− Ẑ sinNpϕ.

ιτ = Np

(
1− 1√

1 + ∆2
τ

)
≈ Np

∆2
τ

2
.
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Poloidal Field due to a Helically Shaped Magnetic Surfaces
Magnetic surfaces have helical shaping if the minor radius can be written as

r = r0

{
1−∆MN sin(Mθ −Npϕ)

}
,

where the average minor radius is r0, the poloidal angle is θ, the toroidal angle is ϕ, and
Np is the number of periods.

For a curl-free magnetic field, ~B = ~∇φ, where∇2φ = 0, and

φ =
Npr0
MR0

r0∆MNB0

(
r

r0

)M
cos(Mθ −Npϕ), which implies ∆MN ∝ r

(m−2)
0 .

When the inverse aspect ratio period is small, εp ≡ Npr0/R0 << 1, and the shaping is
weak |∆mn| << 1, the rotational transform due to helically shaped surfaces

ιh = Np(M − 1)∆2
MN , with ∆MN ∝ rm−20 determining r0 dependence of ιh(r).

The variation in field strength associated with the shaping is δBMN/B0 =
(Npr0/R0)∆MN .

For details of derivations of ιτ and ιh, see p.37 of Boozer, Nucl. Fusion 55, 25001 (2015).
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Particle Confinement in Stellarators
Magnetic fusion systems are in an odd collisionality regime.

Particles are collisional in the sense that the required energy confinement time τE
is much longer that the collision time τc with τE/τc ≈ 102 for ions and τE/τc ≈
104 for electrons. The root-mean-square deviation from a Mawellian distribution
∆frms/fMax ≈

√
τc/τE. Writing f = fMaxe

f̂ , the entropy production ṡ = −
∫
f̂C(f)d3v = νcn < f̂ 2 >.

Particles are collisionless in the sense that the mean-free-path τc
√
T/m >> R0.

The implication is that all collisionless particle trajectories in the Maxwellian must be
well confined.

The confinement of particles in a stellarator depends on adiabatic invariants—just as
the confinement of planets in the solar system does.

In Hamiltonian mechanics, H(p, q, t), when the motion is oscillatory with a frequency
ω and changes little from one oscillation to the next, the action

J ≡
∮
pdq is an adiabatic ivariant.

The integral is over an oscillation and J changes by an exponentially small amount
exp(−1/ωτev). The time scale over which the oscillatory motion changes is τev.

10



Important Adiabatic Invariants
	

			
	

Magnetic moment µ ≡ mv2⊥
2B

µ ≡ mv2⊥
2B

µ ≡ mv2⊥
2B

, given by the gyrofrequency oscillation.

The energy H = mv2||/2 + µB + qΦ, where the electric potential
Φ is usually constant along the magnetic field. A particle is trapped
and bounces back and forth when

µBmax >
mv2||

2
+µB; Bmax is the maximum magnetic field strength along the field line.

Otherwise the particle is passing, and it moves along the magnetic field line forever.

Longitudinal action J(H,ψt,Θ) ≡
∮
mv||d`J(H,ψt,Θ) ≡

∮
mv||d`J(H,ψt,Θ) ≡

∮
mv||d`, an integral over the bounce motion.

The magnetic field is written in the Clebsch representation ~B =
~∇ψt× ~∇Θ/2π, where θ = Θ + ιϕ and ` is the distance along a line.

A magnetic field is quasi-symmetric when ∂J/∂Θ = 0, as in an ax-
isymmetric tokamak or in stellarator that has exact quasi-symmetry.

When the precession given by |∂J/∂ψt| is sufficiently large, the
radial drift (drift across enclosed toroidal flux) is small.

11



Controlling the Magnetic Field Strength for Quasi-symmetry
The confinement of passing particles, mv2|| > µ(Bmax − B), is determined by the

confinement of magnetic field lines—whether the lines form magnetic surfaces.

The confinement of trapped particles, mv2|| < µ(Bmax − B), is determined by the
longitudinal action J and hence the variation in the magnetic field strength along the
magnetic field lines.

To have quasi-symmetry the magnetic field strength must be a constant Ba along the
magnetic axis.

Near the magnetic axis, the magnetic field strength is given by

B(ψt, θ, ϕ) = Ba(1 + ~κ · δ~x), where ~x(ψ, θ, ϕ) = ~xa(θ, ϕ) + δ~x(ψt, θ, ϕ).

The vector identity for ~∇( ~B · ~B), the equation ~∇p = ~j× ~B, and the curvature ~κ ≡ b̂ · ~∇b̂
imply ~∇⊥(B2 + 2µ0p) = 2B2~κ.

To lowest,
√
ψt ∝ r, order, κ̂ · δ~x = w(ϕ)

√
ψt cos(θ −NBϕ). Width of surface is w(ϕ).

For B ∝ cos(θ −NBϕ) need w(ϕ)κ(ϕ) constant.

12



Controlling the Magnetic Field Strength to be Quasi-isodynamic
The magnetic field strength can also be controlled to obtain good particle confinement

through quasi-poloidal-symmetry, also known as quasi-isodynamic. Quasi-poloidally-

symmetric fields can depend on θ unlike quasi-symmetric fields which depend on only θ −NBϕ.

To have quasi-poloidal-symmetry, the magnetic field strength varies along the mag-
netic axis, Ba(ϕ), forming a series of magnetic mirrors.
xis is given by

B(ψt, θ, ϕ) = Ba(ϕ)(1 + ~κ · δ~x), where ~x(ψ, θ, ϕ) = ~xa(θ, ϕ) + δ~x(ψt, θ, ϕ).

To lowest,
√
ψt ∝ r, order, κ̂ · δ~x = w(ϕ)

√
ψt cos(θ −Nϕ).

There is no radial drift when ( ~B × ~∇B) · ~∇ψt = 0. This condition is satisfied to
√
ψt

order when the curvature of the axis vanishes, ~κ = ~ba · ~∇~ba = 0.

In a torus, the axis cannot have zero curvature everywhere. But as on W7-X, the
regions of large curvature can be restricted to be near the maxima of the magnetic field
strength, which few trapped particles sample, with w(ϕ) small there. The radial drift,
∝ ∂J/∂α, is then small and can be limited by the precession, ∝ ∂J/∂ψ.

See Helander, Rep. Prog. Phys. 77, 087001 (2014) for an extensive discussion of
quasi-isodynamic stellarators, pages 21-24.
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Three Types of Stellarators for Enhanced Particle Confinement
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current
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di=dr\0.
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collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 

0.000 
-0.001 
-0.001 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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Quasi-axisymmetric
stellarators have the
tightest aspect ratio.
Have particle trajecto-
ries similar to those
of an axisymmetric
tokamak. Plasma
surface has sharp
edges which of finite
length.

Quas-isodynamic stellarators are being studied at large size. Have the least change
in the plasma state as the pressure is made larger. Are the only type of stellarator for
which is easy to use edge islands for a divertor.

Quasi-helical stellarators appear to address all of the physics issues when the number
of periods Np is sufficiently large. The particle trajectories approach those of exact
helical symmetry as 1/N 3

p .
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and

Fig. 1 Equilbria from a NCSX,
a quasi-axisymmetric plasma,
b W7-X, a quasi-omnigenous
plasma, and c HSX, a quasi-
helically symmetric plasma. In
all cases the color represents |B|
on a flux surface
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-

cles are well confined in all stellarator types. These three
types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise

quasi-symmetry is defined by the magnetic field strength
having the form B(l ? L) = B(l) along each field line,

where l is the distance and L is a constant along the line.

Quasi-symmetric stellarators are of two types: quasi-heli-
cally symmetric (QH) [7, 8] and quasi-axisymmetric (QA)

[9, 10].

Quasi-omnigeneity (QO) is a more general concept for

obtaining trapped particle confinement [11–13] and has
quasi-symmetry as a special case. QO confinement is based

on conservation of the action J wt; a; l;Hð Þ #
H
mvjjdl,

where the magnetic field is written as B~ ¼ r~wt %r~a
where wt is the toroidal magnetic flux enclosed by a

magnetic surface. The quantity a # h& iu is constant

along a magnetic field line; h and u are poloidal and tor-
oidal angles, and i wtð Þ ¼ 1=q is the rotational transform.

The velocity vjj of the particle along the magnetic field line

is given by the energy, H ¼ 1
2mv

2
jj þ lBþ qU, with both

the energy H and the magnetic moment l held constant. A
stellarator would be omnigeneous if oJ=oa were zero, for

then J conservation would imply that trapped particles

could have no wt drift in their banana orbits, their motion
between turning points [14]. Neither perfect symmetry nor

perfect omnigeneity are achievable in a stellarator [15], but

both have been approximated as quasi-symmetry and
quasi-omnigeneity in stellarator designs.

2.1.1 Quasi-Helical Symmetry

A quasi-helically (QH) symmetric stellarator has

|B| = constant along a helical trajectory. QH stellarators
have a large effective rotational transform, ieff # i& Np,

where Np is the number of periods. In practical stellarator
designs the rotational transform i ( 0:2Np. The banana

width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and
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6. Equilibrium and Stability at High-b

• An area where stellarators excel is in the

stable achievement of high plasma pressure (b).
There are several areas where further research

could enhance this characteristic further.

7. Impurity confinement and accumulation

• A potential issue of maintaining a stellarator in

steady-state is the accumulation of impurities that

is predicted by neoclassical theory. Operating
regimes without impurity accumulation have been

observed. The current state of knowledge is

summarized.

8. Reactor Issues

• 3D system face specific challenges when the
incorporation of reactor technologies is considered.

This section lists those challenges and summarizes

the state of stellarator reactor design.

9. Design Improvements and Coil Simplification

• Recent efforts focused on developing simpler

magnet designs and improved theoretical under-
standing of the constraints on coil location and the

trade off against distance between the coils and

plasma are summarized.

2.1 Neoclassically Optimized Magnetic
Configurations

There are three types of stellarators that may lead to reactor
designs, with the types distinguished by the method of

obtaining confinement for trapped particles. Passing parti-
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types are illustrated in Fig. 1. Quasi-symmetry [6] is one

concept for obtaining trapped particle confinement. Precise
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H
mvjjdl,
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2mv

2
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width of trapped particles and the two types of pressure-
driven parallel currents scale as 1=ieff . The pressure-driven
currents are the Pfirsch–Schlüter current, which has zero

average over a magnetic surface, and the bootstrap current,
which is constant on a magnetic surface. Consequently

both are small, i=ieff ) & 1=4, and of the opposite sign

from quasi-axisymmetry, therefore the bootstrap current

reduces i. Neoclassical tearing modes are stabilized when

di=dr\0.
QH stellarators are apparently uniquely able to confine

collisionless particles in a way that is arbitrarily close to

the way they are confined in exact symmetry [15]; the

difference scales as ) 1=N3
p . Three implications are that

QH stellarators can have (1) arbitrarily good confinement

of energetic particles, (2) the neoclassical transport can be
made small and be consistent with impurity screening, and
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 

0.000 
-0.001 
-0.001 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 
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Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Abstract
Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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tional space. The boundary representation used for Helias 
equilibria (see Ref. 6) appears to provide a suitable con- 
figuration space. 

For the optimization of Helias configurations, the fol- 
lowing set of criteria’ was used: 

( 1) high quality of vacuum field magnetic surfaces 
(sufficiently small relative thickness Ai, of islands); 

(2) good finite beta equilibrium properties (sufficiently 
high & 1; 

(3) good MHD stability properties (sufficiently high 
&tab); 

(4) small neoclassical transport in the I/Y regime 
(small equivalent ripple 6,); 

(5) small bootstrap current in the lmfp regime 
(~BS,stell/~BS,tok Sufficiently Small ) ; 

(6) good collisionless a-particle containment (fraction 
of prompt loss f, sufficiently small); and 

(7) good modular coil feasibility (sufficiently large dis- 
tances from the plasma A, and radii of curvature R, of the 
coils). The constructiveness of this set of classical physics 
goals in connection with an optimization procedure results 
from the dimensionless goodness parameters as indicated 
above. 

Criteria 1 and 7 are taken into account by solving He- 
lias boundary value problems with constraints on the shap- 
ing parameters. Criteria 2 and 3 are satisfied by maintain- 
ing resistive interchange and ballooning stability at (0) 
~0.05 for configurations with five periods and aspect ratio 
of approximately 10. While maintaining resistive inter- 
change stability is directly incorporated into the optimiza- 
tion, ballooning stability is taken into account through its 
driving terms.’ Criteria 4, 5, and 6 are taken into account 
by optimizing the structure of B( f3,#) in magnetic coordi- 
nates. This optimization procedure constitutes an inner 
loop of optimization. 

The evaluation of ballooning stability and of the three 
neoclassical properties 4, 5, and 6 leads to an iteration of 
this inner loop until satisfactory properties are found. 
GoodneSS parameters Ais, & &tab, 6, JBS,stedJBS,tok9 f, 
that can be achieved simultaneously are: 0.1, 0.05, 0.05, 
0.01, 0.1, 0.1, as reported in Ref. 8. 

A further optimization loop is given by the computa- 
tional search for optimal modular coils generating the 
magnetic field found by the procedure as described above. 
The basic element of this search, again, is a boundary value 
problem, namely the Neumann problem of vanishing nor- 
mal component of B at the prescribed plasma boundary 
(see Ref. IO). 

An explanation for the compatibility of the seven cri- 
teria listed above can be obtained in terms of a unified 
optimization procedure. Key ingredients are: (i) it suffices 
to consider the structure of B(@); the real space geome- 
try is a result of the optimization; (ii) the spectrum of 
B( 6,+) can be optimized; and (iii) a unified optimization 
procedure simply consists in keeping the spectrum pure 
and in minimizing the helical and toroidal curvature terms 
under the constraints of a small bootstrap current and lo- 
cation of trapped particles in the weak curvature region. 

Indeed, as shown in Ref. 11, optimization in a large 

FIG. 3. Flux surface cross section of W7-AS at (8) =0.02 (upper part) 
and of W7-X at (p) =0.05 (lower part). Shown are sections at the be- 
ginning of a period, after quarter of a period, and after half a period. 
Normalization: plasma radius approximately unity. 

(approximately 20-dimensional) space of boundary vari- 
able, in which only an ellipticity and a triangularity param- 
eter are kept fixed, with the above prescription yields the 
configuration in Fig. 3 (compared with the flux surfaces of 
W7-AS) which is nearly identical with the one obtained by 
optimization according to the seven criteria listed above. 
Figure 4 plots the structure of B( 19,$> in terms of the Fou- 
rier coefficients and compares those of W7-AS and of W7- 
X. It clearly demonstrates the spectral purity of the W7-X 
field architecture. 

Ingredient (iii) of the optimization procedure eluci- 
dates the degree of unambiguity of the optimization result. 
The major type of a qualitatively different result would be 
obtained by requiring the principal toroidal curvature term 
to be zero; this would result in quasihelically symmetric 
equilibria with a finite-bootstrap current. The solution cho- 
sen here essentially eliminates the bootstrap current as an 
alien element of stellarators proper and, on the other hand, 
achieves the other neoclassical physics requirements (prin- 
ciples 4 and 6); here it has to be noted that the good 
collisionless a-particle confinement requires a nonvanish- 
ing /3 value. 

The results shown in Figs. 1, 3, and 4 demonstrate the 
improvement from W7-AS to W7-X. Neoclassical trans- 
port is improved by approximately one order of magnitude 
(see Fig. 1). The cz-particle confinement improvement al- 
ready occurs at modest values of (0) and does not only 
consist in a reduction of the fraction of particles lost col- 
lisionlessly, but also in an increase of the confinement time 
by three orders of magnitude (see Fig. 5). Particles lost at 
this time are already collisionally slowed down so that they 
do not contribute to the energetic particle loss. 

The strong improvement of the particle orbits can best 
be seen in the orbits of barely passing particles and from 
the formation of poloidally closed drifts of localized parti- 
cles (see Fig. 6). 

The optimized configuration exhibits favorable fea- 
tures with respect to two important aspects of toroidal 
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Fig. 1. Flux surface cross-sections of a quasi-helically symmetric stellarator with N=6, R,,= II, Ro,, =0.553, R0,z=0.027, Z,., =0.395. 
d,,,=O.O58, d,,_,=OS, 41,_2=0.046, 4,,,=0.023, 4,,2=-0.003, d,,,=O.O68, &,=0.248, &=0.038; p=O; the magnetic well is ap- 
proximately marginal; the rotational transform and shear are characterized by r(0) 5 1.4, I( 1) z 1.5. 

corresponding to an I=3 field. For a fixed number 
of periods N, fixed aspect ratio Ro, and fixed A,,_, 
(providing the dominant contribution to the rota- 
tional transform for the configurations considered 
here) the above shape describes a ten-parameter 
family of stellarators which is only slightly more gen- 
eral than the original Helias family [ 11. 

Fig. 1 shows the result of an optimization towards 
B(s, 6- 9) in which the ten variables above were op- 
timized without further constraints for an N=6 pe- 
riod configuration. Fig. 2 and tables, 1, 2 show the 
structure of B in terms of its Fourier components. 
Table 1 shows the values at sx f , corresponding to 
half the plasma radius, table 2 the corresponding re- 
sults for sz 1 where the optimization B( 1, 8, 
@) = B( 1, (3-e) was done. Among the dominating 
Fourier coefficients violating the symmetry are Bz, _ 3 
and B3,_*, which are already outside the range of 
boundary parameters used for the optimization. Ap- 
proximately one order of magnitude is achieved be- 
tween the largest remaining Fourier coeffkient and 

Table 1 
Fourier coefftcients II,,,,, m 2 0, - 4 Q n d 4 at s = f of the conftguration in fig. 1 

n m 

0  1 2 3 4 5 

-4 
-3 
-2 
-1 

0 

2 
3 
4 

0.000 0.000 0.000 
0.000 0.000 0.000 

- 0.002 0.000 0.003 
0.002 - 0.090 0.002 
1.258 0.001 -0.001 
0.000 0.003 0.001 
0.000 0.002 0.001 
0.000 0.000 0.000 
0.000 0.000 0.000 

0.000 
-0.001 
-0.001 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.001 
0.001 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 
0.000 

114 

Compact advanced stellarator NCSX A241

Major Radius

–1.0

–0.5

0.0

0.5

1.0

1.0 1.5 2.0 2.5

Figure 1. Plasma boundary shape in four poloidal cross-sections separated 20◦ toroidally.

convergence study of the stability of equilibrium shown in figure 1 using TERPSICHORE revealed
a weak n/m = 11/17 instability localized to the plasma edge. Stability for all modes
through n ! 20 was achieved by a small modification of the plasma boundary shape. The
passive vertical stability appears to be due to the substantial rotational transform produced
by the external coils. Due to the rising rotational transform profile, neoclassical-tearing
modes are theoretically stable over all but the plasma edge. Relative to earlier designs
[29, 30] this configuration has higher rotational transform, higher average elongation and
triangularity, simpler coils, and better quasi-axisymmetry (less helical ripple). The improved
quasi-axisymmetry produced a marked improvement in the calculated neoclassical energy
confinement and fast-ion orbit confinement.

The toroidally averaged shape is similar to an advanced tokamak, with an average
elongation of 1.8 and an inside indentation of 9%. For this average shape, an equivalent
current I

Equiv
P can be defined as the current required to match the stellarator edge rotational

transform in a tokamak with the same average shape. NCSX is envisioned to have R = 1.42 m,
⟨ a ⟩= 0.33 m, and B up to 1.7 T (at full external rotational transform). For these parameters,
I

Equiv
P = 0.71 MA. Evaluating β

Equiv
N = β/(I

Equiv
P /aB) gives β

Equiv
N = 2.5 for β = 4.1%.

Compared to advanced tokamaks, only moderate β
Equiv
N is required due to the large I

Equiv
P from

the coil-generated rotational transform.
The quality of the flux surfaces for this configuration has been evaluated using the PIES

equilibrium code [31]. Figure 2(a) shows the calculated fixed-boundary equilibrium flux
surfaces for the equilibrium of figure 1, showing a significant n/m = 3/5 island, with a width
of ∼10% of the minor radius and a smaller n/m = 3/6 island in the core. These calculations
do not include neoclassical-healing effects, from suppression of the bootstrap current in the
island. An analytic estimate of the neoclassical healing gives an expected island width of <5%
of the plasma minor radius.

These islands have been removed from the equilibrium by modification of the plasma
boundary shape [32]. A series of (short) PIES calculations is used to measure the change in island
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Compact optimized stellarators offer novel solutions for confining high-β
plasmas and developing magnetic confinement fusion. The three-dimensional
plasma shape can be designed to enhance the magnetohydrodynamic (MHD)
stability without feedback or nearby conducting structures and provide drift-
orbit confinement similar to tokamaks. These configurations offer the
possibility of combining the steady-state low-recirculating power, external
control, and disruption resilience of previous stellarators with the low aspect
ratio, high β limit, and good confinement of advanced tokamaks. Quasi-
axisymmetric equilibria have been developed for the proposed National
Compact Stellarator Experiment (NCSX) with average aspect ratio 4–4.4 and
average elongation ∼1.8. Even with bootstrap-current consistent profiles, they
are passively stable to the ballooning, kink, vertical, Mercier, and neoclassical-
tearing modes for β > 4%, without the need for external feedback or conducting
walls. The bootstrap current generates only 1/4 of the magnetic rotational
transform at β = 4% (the rest is from the coils); thus the equilibrium is much
less non-linear and is more controllable than similar advanced tokamaks. The
enhanced stability is a result of ‘reversed’ global shear, the spatial distribution of
local shear, and the large fraction of externally generated transform. Transport
simulations show adequate fast-ion confinement and thermal neoclassical
transport similar to equivalent tokamaks. Modular coils have been designed
which reproduce the physics properties, provide good flux surfaces, and allow
flexible variation of the plasma shape to control the predicted MHD stability
and transport properties.
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