
Linear properties of global energetic particle induced geodesic acoustic mode 

with bump-on-tail distribution in tokamak plasmas 

 

Xijin Xiang and Guoyong Fu 

Institute for Fusion Theory and Simulation 

Department of Physics, Zhejiang University 

Hangzhou, China 

 

 

 

 

Abstract 

A systematic study of Energetic particle-induced geodesic acoustic mode (EGAM) has been carried for 

bump-on-tail energetic distribution in tokamak plasmas using linear global hybrid simulation. The stability 

threshold of EGAM in energetic particle pressure is found to be very low.  The eignemode structure 

becomes more and more radially extended as beam ion distribution evolves from bump tail distribution to 

fully slowing down distribution. The mode radial width increase with energetic particle gyroradius while the 

growth rate is maximized at / 0.3Av v = .  

 

 

INTRODUCTION 

 

Energetic particle-induced geodesic acoustic mode (EGAM) [1, 2] is an n=0 axisymmetric mode driven by 

energetic particles. The mode frequency and mode structure are similar to those of geodesic acoustic mode 

(GAM) [3, 4]. It is mainly an electrostatic mode with the mode electric field having uniform toroidal and 

poloidal mode structure. However EGAM is qualitatively different from GAM since it has essential features 

of energetic particle mode (EPM) [5] with its mode frequency and radial structure determined 

non-perturbatively by energetic particles [1], i.e., the existence of EGAM is due to energetic particle effects. 

Energetic particle destabilization of GAM was first observed in JET where a fast-chirping n=0 mode was 

driven by ICRH-induced fast minority tail ions [6]. Subsequently a beam-driven GAM-like mode observed 



in DIII-D was identified as EGAM [1, 2]. Both the measurement and theory show that the EGAM is a global 

mode with mode frequency inside the GAM continuum spectrum. Since then EGAM has been observed in 

other tokamaks [7-9] as well as in the Large Helical Device (LHD) [10-11]. Extensive theoretical and 

numerical work has been done on the linear physics of EGAM in the past decade [12-25]. The research on 

EGAM has been reviewed recently in several papers [26-28]. In particular much analytic and numerical 

work has been done on EGAM’s linear stability and global mode structure with different energetic particle 

distributions. Local distribution relations have been analytically derived for slowing down distribution, 

shifted-Maxwellian distribution as well as bump-on-tail distribution. The original work of Fu [1] shows that, 

in the local limit for a slowing down anisotropic distribution, there exist 3 branches of modes: the GAM 

branch and two new EGAM branches, with only one mode can be unstable. The two EGAMs emerge when 

energetic particle pressure exceeds a threshold. For relatively small energetic particle speed 

( 0 / 1.4b GAMω ω <  for the distribution considered), the EGAM branch with lowest frequency is unstable 

when energetic particle pressure exceeds a threshold. The mode frequency is lower than GAM’s. On the 

other hand, for relatively large energetic particle speed ( 0 / 1.4b GAMω ω > ), the GAM branch is destabilized 

by energetic particle without a threshold. The frequency of the GAM branch is also lower than GAM’s at 

finite energetic particle pressure.  For a simplified slowing down distribution with a single pitch angle, Qiu 

et al shows analytically that EGAM can be unstable for 0 0 2 / 5BΛ >  [22]. On the other hand, for a slowing 

down distribution with a loss cone in pitch angle, Berk and Zhou show that the loss cone distribution leads 

to fast excitation of EGAM right after NBI is turned on [12]. More recently bump-on-tail distributions have 

been considered to explain the high frequency branch of EGAM observed in LHD. It is shown that the high 

frequency branch of EGAM with frequency larger than GAM frequency is destabilized in LHD with a 

bump-on-tail distribution [21-22, 25].  

 

In this work we investigate linear properties of global EGAM with bump-on-tail distribution in tokamak 

plasmas using kinetic-fluid hybrid simulations. We study systematically the mode properties such as mode 

frequency, mode stability and mode structure and their dependence on key energetic particle parameters. In 

particular we focus on global mode structure and difference between EGAM with a bump-on-tail 

distribution and that with slowing down distribution.  

 

The paper is organized as follows. In Sec. II, we introduce the simulation model and the numerical method. 

In Sec. III, the EGAM frequency, growth rate and converged eigenmode in different physical conditions are 

described. In Sec. IV, the conclusions are given. 



 

I. SIMULATION MODEL AND METHOD 

Following the original work of Fu.[1], the system of equations for EGAM evolution are given below for the 

radial electric field perturbation rE , the perturbed thermal plasma pressure thPδ , and the perturbed parallel 

and perpendicular energetic particle pressures Pδ P and Pδ ⊥ : 
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curvature, ρ  is plasma mass density, B  is the equilibrium magnetic field strength, Bφ  is the toroidal 

magnetic field, R  is the major radius, J  is the Jacobian of flux coordinates ( , , )r θ φ  with r  being the 

radial flux variable (or minor radius). The subscript th  denotes the thermal species, the subscript h  

denotes the energetic particle species, γ  is coefficient of specific heat. fδ  is the perturbed energetic 

particle distribution, 0 0 ( , , )f f P Eφ µ=  is the equilibrium distribution as function of constants of motion: Pφ  

the toroidal angular momentum, E the particle energy and µ  the magnetic moment. 

 

The first equation is derived from the flux the vorticity equation and the electrostatic approximation is 

assumed [1]. The second equation comes from the fluid model for thermal plasma. The last equation is 

derived from the drift kinetic equation where the property of Pφ  being a constant of motion for n=0 mode 

has been used. The four equations form a self-consistent kinetic-fluid hybrid model for EGAM. The 

anisotropic equilibrium distribution function is adopted for energetic particles in this study: 
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Where c  is a constant coefficient in the equation , P e mvRφ = Ψ +  is the toroidal angular momentum, Ψ

is the poloidal flux and v  is the particle velocity, 0 /B EµΛ = is the pitch angle which is the angle between 

the velocity of particles and local magnetic field, ΔΨ  is the radial width in the normalized poloidal flux, 

0Λ  is the central pitch angle parameter. The parameters of anisotropic pitch angle distribution are 0 0.5Λ =

and 0.3ΔΛ = . ( )g v  is a piece-wise linear function of the normalized particle velocity 0/v v v=  with 0v

being the NBI injection speed and is defined as follows: 
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Figure 1 plots ( )g v  function. 

 

FIG. 1 ( )g v  (blue solid line) vs v  and the short pink lines is dv . 

Where 1dv =  is a small parameter and is chosen to be 0.05dv = . The distribution f  given in Eq. (5) is 

similar to the usual slowing down distribution used in the original work [1] and many other studies except 

for the extra velocity dependent factor ( )g v . This factor models the beam ion distribution function from 



starting of neutral beam injection to fully slowing down steady state distribution. The normalized velocity 

parameter Lv , which varies between dv  and 1 dv+ , controls the shape of velocity distribution during the 

slowing down process after NBI initialization. This distribution is a bump tail distribution when Lv  is close 

to 1, and it is a fully slowing down one when Lv dv= . 

 

 

II. SMULATION RESULTS 

 

In this section, we present linear simulation results of global EGAM. The dependence of mode properties on 

energetic particle distribution will be discussed. In particular we will compare results with a bump-tail 

distribution with those with a slowing-down distribution. 

 

The parameters used in our simulations are similar to those of DIII-D experiments [2]: the toroidal magnetic 

field 0 2B T= , the major radius 0 1.7R m=  and the plasma minor radius 0.57a m= . The plasma pressure 

profile is given by (0)(1 )th thP P= −Ψ  with Ψ being the normalized poloidal flux. The safety factor profile 

33.9 1.89 7q = − Ψ + Ψ . The plasma density profile is assumed to be uniform for simplicity. For energetic 

particles, the energy of neutral beam injection is 75beamE keV= . The corresponding beam ion injection 

velocity is / 0.3beam Av v =  with Av  is the Alfvén speed, the gyroradius defined with injection speed is 

/ 0.04beam aρ = . 

 
A. Dependence on distribution function: bump-tail versus slowing down 
 

We have carried out linear simulation of EGAM with a scan of parameter Lv  which controls the 

distribution function. Figure 2 shows the linear evolution of radial electric field rE for the bump-tail 

distribution with 0.95Lv = . The horizontal axis is the normalized minor radius. The vertical axis is time in 

unit of Alfven time. We observe that the mode is linear growing with mode located mainly within about half 

minor radius.  



 

FIG. 2 The time evolution of radial electric field rE  for 0.95Lv = . 

 

The linear simulations have carried out with a parameter scan in Lv  values while keeping the coefficient c

of the distribution in Eq.5 fixed, i.e., at constant injection power. Such parameter scan models the evolution 

of beam distribution starting from NBI turning on time in an experiment. The corresponding energetic 

particle pressure increases as Lv  decreases from unit as shown in Fig. 4, where ( ) / 2h h thY P P P⊥= +P  is the 

ratio of energetic particle pressure and thermal plasma pressure. The results of linear simulations with such a 

parameter scan are shown in Fig. 4 which plots mode frequency and growth rate as a function of Lv . As Lv  

decreases from unity, the mode frequency decreases and growth rate increases. The growth rate peaks at the 

intermediate value of 0.6Lv =  and then decreases to a finite value as Lv  approach zero. These results are 

qualitatively consistent with the previous analytic theory [22].  



 

Fig. 3 The ratio of energetic particle pressure and thermal plasma pressure Y  vs Lv   

 

It should be noted that in our simulation, the normalized GAM frequency at the magnetic axis is 

0 0.05GAMω γβ= =  based on the parameters of coefficient of specific heat 1.3γ =  and the thermal 

plasma central beta 0 0.2%β = . Thus our results indicate that the calculated mode frequencies of EGAM 

are always inside the GAM continuum spectrum which is shown in Fig. 5.  

 

FIG. 4 Frequency (circles) and growth rate (rectangles) of EGAM versus  value. 



 
FIG.5 GAM continuum (blue solid line), simulation EGAM frequency for 0.95Lv =  (black dashed line) 

and for 0.2Lv =  (red solid line) versus normalized minor radius. 

 

The EGAM frequency for 0.95Lv = , 0.2Lv =  and the GAM frequency versus normalized minor radius are 

shown in Fig. 5. The intersection point of GAM continuum and EGAM frequency for 0.95Lv =  is at 

/ 0.48r a = , the other intersection point of GAM and EGAM frequency for 0.2Lv =  is at / 0.66r a = . 

According to Fig.6, we can see the mode structure peak is located in the left of intersection point. Fig. 6 

plots the corresponding EGAM eigenmode structure for a sequence of values. We observe that the mode 

structures are global. For 0.95Lv = , which corresponds to the bump-tail distribution, the mode structure is 

mostly located within half minor radius. As Lv  decreases, the mode structure becomes more extended and 

more oscillatory. The peak of the mode moves from / 0.35r a =  to / 0.6r a = . 



 

FIG. 6. The normalized eigenfunction rE  vs normalized minor radius /r a . (a) for 0.95Lv = ; (b) for 

0.60Lv = ; (c) for 0.20Lv = . 

 

B. Dependence on energetic particle pressure: stability threshold 

 

We now investigate the dependence of EGAM frequency and growth rate on energetic particle pressure with 

the bump-on-tail EP distribution ( 0.95Lv = ). Fig. 7 shows the simulated mode frequency (solid blue line) 

and growth rate (dashed line). The solid red line is the fitted line for the growth. We find that the frequency 

decreases and the growth rate increases as Y increases. Extrapolating the growth rate to zero (solid red line) 

yield a critical value of energetic particle pressure 0.02critY =  for excitation of EGAM. We have also 

examined the dependence on energetic particle pressure for the slowing down distribution ( 0.20Lv = ). The 

results are shown in Fig. 8. The corresponding stability threshold is 0.12critY =  which is a factor of 6 larger 

than the one with the bump-tail distribution. The smallness of critY  for the bump-tail distribution implies 

fast excitation of EGAM after NBI heating is turned on. This result is consistent with observed fast 

excitation in the DIII-D experiments and is similar to the previous analytic results [12,22-23]. 



 

FIG. 7 Frequency (circles) and growth rate (rectangles) of EGAM vs ( ) / 2h h thY P P P⊥= +P for 0.95Lv = , the 

red line is the fitted line for the growth rate data. 

 

FIG. 8 Frequency (circles) and growth rate (rectangles) of EGAM vs ( ) / 2h h thY P P P⊥= +P  for 0.20Lv = , 

the red line is the fitted line for the growth rate data. 

 



C. Dependence on energetic particle speed 

 

Fig. 9 shows the EGAM frequency and growth rate as a function of the normalized energetic particle speed 

for 0.95Lv =  and 0.0833Y = . The gyroradius of energetic particles is fixed at / 0.0358aρ = . As 

expected the mode frequency increases with particle speed. However the dependence of growth rate is not 

monotonic. The growth rate is maximized at / 0.31Av v = . Incidentally this value of particle speed coincides 

with the critical value of 0 / 1.4b GAMZ ω ω= =  at which the pattern of EGAM branches bifurcate [Fu’s 2008 

PRL].  

 
FIG. 9 Frequency (circles) and growth rate (rectangles) of EGAM versus energetic particle velocity for 

0.95Lv =  and 0.0833Y = . 

 

D. Dependence on energetic particle gyroradius 

 

Fig. 10 shows the EGAM frequency and growth rate as a function of the normalized gyroradius at the fixed 

energetic particle speed / 0.03Av v = , 0.95Lv =  and energetic particle pressure ratio 0.0833Y = . The 

results show that the mode frequency is nearly constant while the growth rate increases with / aρ  for 

/ 0.03aρ > . For smaller values of / aρ , the growth rate is nearly constant. This is not surprising since the 



growth rate is expected to converge to the local result as gyroradius approaches zero. We have also 

investigated the dependence of eigenmode structure on gyroradius. Figure 11 shows the EGAM mode 

structures for several values of / aρ . We observe that the mode structure becomes narrower as / aρ  

decreases consistent with theoretical prediction of Fu.  

 
FIG. 10 Frequency (circles) and growth rate (rectangles) of EGAM versus energetic particle gyroradius for 

0.95Lv =  and 0.0833Y = . 

 

FIG. 11. The normalized eigenfunction rE  vs normalized minor radius /r a  . (a) for / 0.0179aρ = ; (b) 



for / 0.0358aρ = ; (c) for / 0.0537aρ = . 

 

E. Dependence on energetic particle pitch angle 

 

Figure 12 shows mode frequency and growth rate as a function of central pitch angle parameter at a fixed 

energetic particle pressure 0.0833Y = . The mode frequency decreases as parameter increases as expected 

from theory since the particle parallel speed becomes smaller. However the growth rate dependence on 

parameter is more interesting. As parameter increases, the growth rate first decreases, and then increases and 

decreases again. It shows an oscillatory behavior.  

 

 

 

FIG. 12 Frequency (circles) and growth rate (rectangles) of EGAM versus pitch angle 0Λ  for 0.95Lv =  

and 0.0833Y = . 
 

III. Discussion and Conclusion 

 

We have carried out a systematic study of linear properties of global EGAM in tokamak plasmas with 

parameters similar to those of DIII-D experiment where EGAM was observed. The hybrid model is used in 

simulations. In particular we focus on EGAM with a bump-tail beam ion distribution function formed 



shortly after start of neutral beam injection before fully slowing down. Comparison between results of the 

bump tail and those of slowing down distribution shows that the EGAM’s radial structure of the bump tail 

distribution is substantially less extended (contained mostly within half minor radius) while its frequency is 

about 25% higher. The EGAM stability threshold for the bump tail distribution is much lower. These results 

are consistent with experimental results of the DIII-D experiment. In addition, results of scan in energetic 

particle parameter show that both the mode growth rate and the mode radial width increases with gyroradius 

while the growth rate peaks at / 0.3Av v = .  

 

Our results are consistent with previous analytic and numerical studies. Comparing with the previous 

analytic local results of Cao [22] and Ren [25], our results are for global EGAM with a more realistic pitch 

angle distribution. Comparing with the previous global simulation work of Wang et al., our work considers 

parameters of a DIII-D like tokamak while their studies was focused on the high-frequency EGAM in LHD. 

In our work we investigate global EGAM systematically with an emphasis on global radial mode structure.  

 

In conclusion, a systematic study of EGAM properties has been done for bump-on-tail energetic distribution 

in tokamak plasmas using linear global hybrid simulation. We find that the stability threshold in energetic 

particle pressure is very low implying fast excitation of EGAM after NBI is turned on.  The EGAM 

becomes more and more radially extended as beam ion distribution evolves from bump-on-tail distribution 

to fully slowing down distribution. This prediction should be investigated experimentally in future.  
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