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Abstract: The nonlinear resistive-kink mode in the low resistivity plasma in Tokamak 

is investigated through the three-dimensional, toroidal, and nonlinear Hall-MHD code 

CLT. It is found that, without the two-fluid effect and the toroidal flow, the system can 

evolve into a steady-state with the saturated main m/n=1/1 magnetic island and the co-

existing large secondary island. The main m/n=1/1 magnetic island cannot push the hot 

core plasma out of the q=1 surface as it does in Kadomstev’s model, and the 

reconnection is incomplete. However, with the two-fluid effect or the toroidal flow, the 

nonlinear behaviors of the resistive-kink mode could be essentially different. The two-

fluid effect and the toroidal flow can break the symmetry during the plasmoid formation, 

which destroys the balance between the main m/n=1/1 magnetic island and the large 

secondary island. The large secondary island is then merged into the main m/n=1/1 

island. After that, the main m/n=1/1 island finally occupies the whole mix region, and 

all magnetic flux in the mix region is reconnected. 
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I. Introduction 

Sawteeth are often observed in Tokamaks when the central safety factor, q, 

approaches or falls below unity in the plasma core [1-6]. A sawtooth cycle consists of 

a slow ramp, during which the plasma temperature profile peaks in the core region, and 

a rapid relaxation, also called the sawtooth crash, during which the temperature profile 

is rapidly flattened. Sawteeth are dangerous for Tokamak operations since they can 

flatten the plasma temperature and trigger neo-classical tearing modes in nearby 

resonant surfaces [7, 8], which leads to significant degradation of energy confinement. 

However, the mechanism for sawteeth is not well understood, and it is still a hot issue 

up to now. [9-31]  

It is widely believed that sawtooth oscillations are triggered by the resistive kink 

mode with m/n=1/1, where m and n are the poloidal and toroidal mode numbers. 

Kadomtsev proposed a “complete reconnection model” in 1975: an m/n=1/1 magnetic 

island begins to grow at the top of the sawtooth ramp and rapidly fills the entire core 

region. Consequently, the safety factor becomes larger than unity in the plasma core.[32] 

While experimental observations from small and low plasma temperature Tokamaks 

corroborate Kadomstev's theory [1], the crash time in large and hot Tokamaks [4, 5] is 

much shorter than Kadomstev’s prediction. By including the two-fluid effect[33-37], 

the electron inertia effect[38], and the stochasticity of the magnetic field[39], and 

considering the ideal MHD instabilities[40-42], the crash time can be much shorter than 

Kadomstev’s prediction and agrees well with experimental observations. 

 It should be noted that the plasma is sometimes observed to behave differently 

from the “complete reconnection model”, for example, in the experimental observations 

presented in Refs. [5, 43, 44], the m/n=1/1 island persists for long periods during 

sawtooth ramps, and the central safety factor stays below unity after the sawtooth crash. 

This situation has prompted the formulation of a semi-heuristic “incomplete 

reconnection model”, a discussion of which can be found in Ref. [45]. Another 

incomplete reconnection model was proposed by Beidler et al. [46], who suggested that 
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the incomplete reconnection is due to the increase of the electron diamagnetic 

frequency at the X-point of the m/n=1 magnetic island. However, neither of the two 

incomplete reconnection models has been self-consistently corroborated by numerical 

simulations.  

Another incomplete reconnection model proposed by Yu et al. [47] is corroborated 

through the reduced-MHD model in the simple cylindrical geometry. They found that 

when the Lundquist number S is sufficiently large, plasmoids form during the nonlinear 

evolution of the m/n=1/1 resistive-kink mode and merge into a large secondary island, 

which can stop the reconnection process and lead to the incomplete reconnection. While 

Yu's model is promising to reveal the incomplete reconnection sawteeth, further efforts 

are necessary to explore the validation of the model in a more realistic tokamak 

configuration, using the full-MHD equations and including two-fluid effect and plasma 

rotations. In the present paper, we perform the simulation studies to investigate the 

dynamics of plasmoids during a sawtooth oscillation in the tokamak geometry using 

the 3D toroidal nonlinear Hall-MHD code CLT.[48]  

The remainder of the paper is organized as follows: the numerical model is given 

in Section. II. In Section III. A, we numerically investigate the nonlinear evolution of 

the resistive-kink mode in Tokamak through resistive-MHD simulation. In Section III. 

B and C, the influence of the Hall effect and the toroidal flow are studied. A discussion 

has given in Section IV.  

 

II. Numerical model  

In dimensionless units, the 3D toroidal Hall-MHD equations used in CLT are given 

as follows: 
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where  , p, 
ep , v , J , B , and E are the plasma density, the plasma pressure, the 

electron pressure, the fluid velocity, the current density, the magnetic field, and the 

electric field, respectively. The subscript “0” denotes the initial quantities. ( 5 / 3) =  

is the ratio of specific heat of the plasma.  , D, ⊥ ,  , and   are the resistivity, 

the diffusion coefficient, the perpendicular and parallel thermal conductivity, and the 

viscosity, respectively. /i pid c =
  

is the ion inertial length, where pi   is the ion 

plasma frequency, and c is the speed of light. In the present paper, the ion temperature 

is assumed to be zero, i.e., 
ep p= . As shown in our previous studies,[37, 49] the two-

fluid effect is self-consistently included in the Hall-MHD equations, i.e. the electron 

diamagnetic frequency *
i e

e

d m dp

rB dr



= −   and the ion-sound Larmor radius 

2

0 0/s id p B = . 

All the variables are normalized as follows: / a →x x  , / At t t→  , 00/  →  , 

2

00 0/ ( / )p B p →  ,
2

00 0/ ( / )e ep B p →  , / Av →v v  , 00 0/ ( / )B a →J J  , 00/ B →B B  , 

00/ ( )Av B →E E  , 
2

0/ ( / )Aa t  →  ,
2/ ( / )AD a t D→  ,

2/ ( / )Aa t ⊥ ⊥→ ，

2/ ( / )Aa t →   , 
2/ ( / )Aa t →  , and /i id a d→  , respectively. 00B   and 00  

are the initial magnetic field and the plasma density at the magnetic axis, respectively. 

a  is the minor radius, 00 0 00/Av B  =   is the Alfvén speed, and /A At a v=   is the 

Alfvén time.  

In CLT, the electric field is chosen to be an intermediate variable for the sake of 

keeping 0 = . CLT’s numerical scheme is the 4th order finite difference method 

for the spatial derivatives and the 4th order Runge–Kutta scheme for the time 
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integration. We choose the cut-cell method to handle the boundary problems since the 

physical boundary is not located at the grids [50]. In the present paper, the fixed 

boundary condition is used for all the variables. 

 

III. Simulation results 

A. Plasmoid formation and incomplete reconnection 

Firstly, we follow the simulation studies by Yu et al. [47] in this subsection. We 

choose a similar initial equilibrium in our simulations. The function of the initial safety 

factor (q) profile is given as follows: 

2 2

1

0 1(1 ( / ) )
q q

q q q=  +   (7) 

where 
0 0.9q =  ,

1 1.0q =  , and 
2 1.0q =  . The q profile is shown in Figure 1, and the 

plasma beta is assumed to be ~0 . The radial position of the q=1 resonant surface is 

1 0.34r = , and the local magnetic shear is 
1 0.2s = . 

The initial equilibrium is obtained from the NOVA code [51]. Mimicking a toroidal 

Tokamak configuration, the aspect ratio is chosen to be 0 / 3 /1R a = . With 0 0.9q =  

(where 
0q  is the safety factor at the magnetic axis), the most unstable mode is the 

m/n=1/1 resistive kink mode in the system. In order to investigate the secondary tearing 

instability, we choose a relatively low resistivity -7=1.0 10   in this subsection. Other 

parameters are chosen to be 
41.0 10D −=  ,

63.0 10 −

⊥ =  , 
2

|| 5.0 10 −=  , and 

-8=1.0 10  . We switch off Hall/diamagnetic effects by choosing 0id = . 
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Figure 1 Initial q profile. 

 

 The evolutions of the kinetic energy and the growth rate of the resistive-kink mode 

are shown in Figure 2. The growth rate of the resistive-kink mode keeps unchanged 

during its linear growth and slowly reduces at the nonlinear stage, which is similar to 

the previous simulation studies of the complete reconnection sawtooth.[52] However, 

after 4200 At t  , the dynamics are found to be qualitatively different from the well-

known Kadomtsev’s model[32], i.e., the growth rate of the resistive-kink mode 

increases evidently. This is because the secondary tearing instabilities occur when the 

current sheet is thinner than a critical value, which leads to the magnetic reconnection 

acceleration [47, 53]. 
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Figure 2 The evolutions of the kinetic energy and the growth rate of the resistive-kink 

mode.  

 

 The contour plots of the toroidal current density at the four typical moments ((a)

3042 At t= at the linear stage, (b) 4069 At t= at the early nonlinear stage, (c) 4335 At t=

when the secondary tearing instability occurs, and (d) 4487 At t=  when a large 

secondary island forms.) are shown in Figure 3. As we know, the nonlinear evolution 

of the resistive-kink mode can lead to a thin current sheet (e.g., Figure 3b). If the ratio 

of the current sheet’s length to its thickness reaches a critical value, the current sheet 

becomes unstable to the secondary tearing instability.[54] The thin current sheet is then 

broken up (e.g., Figure 3c and d) with the development of the secondary tearing 

instability. 
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Figure 3 The contour plots of the toroidal current density at the four typical moments 

((a) 3042 At t=  at the linear stage, (b) 4069 At t=  at the early nonlinear stage, (c) 

4335 At t=  when the secondary tearing instability occurs, and (d) 4487 At t=  when a 

large secondary island forms). 

 

 The Poincare plots of the magnetic field simultaneously as Figure 3 are shown in 

Figure 4. With the development of the resistive-kink mode, a large m/n=1/1 magnetic 

island forms (Figure 4a and b). After the current sheet becomes unstable to the 

secondary tearing instability, the current sheet is broken up and the multiple X-points 

reconnection occurs (Figure 4c). Several secondary islands form in this process. These 

secondary islands merge into a large secondary island (Figure 4d). The large secondary 

island gradually prevents the hot core from shifting away from the central region, and 

the system then enters into a saturated state. The main m/n=1/1 magnetic island cannot 

fully occupy the whole mix region as it does in Kadomtsev’s model, i.e., the 

reconnection process is “incomplete”. It should be noted that the helicities of the 
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magnetic field lines will not change since the magnetic flux surfaces around the axis 

have not been destroyed. As a result, the safety factor at the magnetic axis will remain 

unchanged, i.e., 
0 0.9q =  , throughout the simulation, which could be seen from the 

safety factor profiles in Figure 5. 

 

 

Figure 4 The Poincare plots of the magnetic field at the four typical moments ((a)

3042 At t= at the linear stage, (b) 4069 At t= at the early nonlinear stage, (c) 4335 At t=

when the secondary tearing instability occurs, and (d) 4487 At t=  when a large 

secondary island forms). 

 

 The safety factor profiles along the Z=0 plane at different times are shown in Figure 

5. The system is unstable for the m/n=1/1 resistive-kink mode, an m/n=1/1 magnetic 

island forms at the linear stage ( 3042 At t= ). During the early nonlinear evolution of the 
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resistive-kink mode, the m/n=1/1 island continues to grow up, and the magnetic shear 

at the X-point becomes larger and larger. A very thin current sheet forms at the X-point, 

which could also be seen in Figure 3. However, when the ratio of the current sheet’s 

length to its thickness reaches a critical value, plasmoids form in this thin current sheet 

and then merge into a large secondary island. As a result, the safety factor profile 

becomes flattened at the previous X-point. In this region, q is equal to 1.0, which 

indicates that the large secondary island's helicity is m/n=1/1. It should also be noted 

that the safety factor at the magnetic axis stay 
0 0.9q =  throughout the simulation but 

the magnetic axis is shifted by the kink instability. The contour plot of the safety factor 

at the saturated stage is shown in Figure 6. As we can see, the 2D contour plot of q 

agrees well with the Poincare plots of the magnetic field lines (Figure 4), i.e., 1.0q =  

inside the main m/n=1/1 island and the large secondary island, and 1.0q  around the 

magnetic axis. The evolution of the safety factor profile also indicates that the 

reconnection is incomplete. 

 

Figure 5 The safety factor profiles along the Z=0 plane at different times.  
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Figure 6 The contour plot of the safety factor at the saturated stage ( 4487 At t= ). 

 

B. Influence of the two-fluid effect on the nonlinear behaviors of the resistive-

kink mode. 

As discussed in Section III.A, the system can evolve into a steady-state with two 

co-existing 1/1 magnetic islands, and the reconnection is incomplete without the two-

fluid effect. However, the steady-state requires the exact symmetry of the secondary 

magnetic island. When the symmetry is broken, the late nonlinear behaviors of the 

resistive-kink mode in a low resistivity plasma can be significantly different. In this 

subsection, we will demonstrate this through the Hall-MHD simulations. 

Since the electron diamagnetic frequency *
i e

e

d m dp

rB dr



= −   and the ion-sound 

Larmor radius 2

0 0/s id p B =  are both related to the plasma pressure, the low beta 

equilibrium is not suitable for investigating the influence of the two-fluid effect. We 

choose a new equilibrium with the same q profile with Section III. A, but 0 0.011 =

(where 0 is the plasma beta on the magnetic axis). The initial pressure profile is shown 

in Figure 7. We scan 0.001id =  to 0.03id = , and keep other parameters the same as 
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those in Section III. A. The corresponding electron diamagnetic frequency 
*e changes 

from 
51.7 10− to 

45.1 10− , which is much smaller than the linear growth rate of the 

resistive kink mode ( 3~ 2 10 − ). With those parameters, the two-fluid effect has little 

influence on the growth rate of resistive-kink mode and only causes the mode structure 

to slowly rotate in the direction of the electron diamagnetic drift. 

 

 

Figure 7 Initial pressure profile used in Section III. B. 

 

 Figure 8 shows the four different snapshots of the Poincare plots of the magnetic 

field for 0.001id =  (
5

* 1.7 10e −=  ): (a) a large secondary island forms, (b) the large 

secondary island and the main m/n=1/1 island begin to coalescence, (c) the two 

magnetic islands almost merges, and (d) the hot core region disappears. Since the two-

fluid effect breaks the symmetry, the formation of the large secondary island cannot 

prevent the further development of the resistive-kink mode as it does in the simulations 

without the two-fluid effect. With the development of the main m/n=1/1 magnetic island, 

the two magnetic islands are finally forced to merge together. After that, the nonlinear 

behavior of the resistive-kink mode becomes qualitatively the same as that predicted by 
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Kadomstev's model, and complete reconnection is then observed.   

 

Figure 8 The four different snapshots of the Poincare plots of the magnetic field for 

0.001id =   (
5

* 1.7 10e −=   ): (a) a large secondary island forms, (b) the large 

secondary island and the main m/n=1/1 island begin to coalescence, (c) the two 

magnetic islands almost merges, and (d) the hot core region disappears.  

 

Figures 4 and 8 indicate that the two-fluid effect is important for the reconnection 

behavior. Without the two-fluid effect, the reconnection will be incomplete if large 

secondary island forms. However, with the two-fluid effect, the reconnection will 

always be complete, even if the electron diamagnetic drift frequency is much smaller 

than the growth rate of the resistive-kink mode. This is because the two-fluid effect 

breaks the symmetry of the secondary island, and the large secondary island cannot 

prevent the further development of the resistive-kink mode as it does in the incomplete 
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reconnection process.    

The Poincare plots of the magnetic field at the four typical moments for the 

simulation with 0.03id = (
4

* 5.1 10e −=  ) are shown in Figure 9. No large secondary 

island forms throughout the simulation, and the reconnection process is qualitatively 

the same as Kadomstev's model. With those parameters, the system enters into the Hall 

reconnection phase[55], which is similar to that discussed in Ref.[53]. 

 

Figure 9 The four typical moments of the Poincare plots of the magnetic field with

0.03id = (
4

* 5.1 10e −=  ). 

 

 

C. Influence of the toroidal rotation on the nonlinear behaviors of the 

resistive-kink mode in the low resistivity plasma 

As discussed in Section III.A and B, symmetry is of significant importance for the 
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nonlinear behaviors of the resistive-kink mode in the low resistivity plasma. In this 

subsection, we investigate the influence of the toroidal flow on the nonlinear behavior 

of the resistive-kink mode. We choose an equilibrium with the same q profile as that 

used in Section III. A, but with the toroidal flow, i.e., 
4

0 7.5 10− =  (where 
0 is the 

toroidal rotation angular velocity on the magnetic axis). The initial   profile is shown 

in Figure 10.  

 

Figure 10 The initial rotation profile used in Section III. C. 

 

Figure 11 shows the four different snapshots of the Poincare plots of the magnetic 

field for 
4

0 7.5 10− =  : (a) a large secondary island forms, (b) the large secondary 

island and the main m/n=1/1 island begins to coalescence, (c) the two magnetic islands 

almost merge, and (d)the hot core region disappears completely. Similar to that in 

Figure 8, the formation of the large secondary island cannot prevent the further 

development of the resistive-kink mode as it does in the simulations without the toroidal 

flow and the two-fluid effect. With the development of the main m/n=1/1 magnetic 

island, the two magnetic islands are finally forced to merge, leading to complete 

reconnection. 
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Figure 11 The four different snapshots of the Poincare plots of the magnetic field for 

4

0 7.5 10− =  : (a) a large secondary island forms, (b) the large secondary island and 

the main m/n=1/1 island begins to coalescence, (c) the two magnetic islands almost 

merge, and (d)the hot core region disappears completely.  

 

IV. Discussions and conclusions 

Firstly, by following the cylindrical geometry and reduced-MHD simulations by 

Yu et al. [47], we perform the simulation studies of the incomplete reconnection in the 

tokamak geometry using the 3D toroidal nonlinear Hall-MHD code CLT. We find that 

the nonlinear evolution of the resistive-kink mode can be significantly different from 

Kadomstev’s model. With the nonlinear development of the resistive-kink mode, the 

current sheet becomes thinner and thinner. The secondary tearing instability occurs 
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when the ratio of the current sheet's length to its thickness reaches a critical value. The 

current sheet then breaks up, and plasmoids form. The plasmoids eventually merge into 

a large secondary island, which will finally prevent the further development of the 

resistive-kink mode. As a result, the system finally evolves into a steady-state with the 

saturated main m/n=1/1 magnetic island and a co-existing large secondary island. The 

main m/n=1/1 magnetic island cannot push the hot core plasma out of the 1q   region 

as it does in Kadomstev’s model, which means that the reconnection process is 

incomplete. Since the hot core remains inside the q=1 surface, the magnetic flux surface 

around the axis is not destroyed, and the axis's safety factor keeps unchanged 

throughout the simulation. Our simulation results are well consistent with those from 

the cylindrical geometry and reduced-MHD simulations.[47] 

However, by taking the two-fluid effect and the toroidal flow into account, the 

nonlinear behaviors of the resistive-kink mode could be largely different. We find that 

the two-fluid effect and the toroidal flow can break the symmetry of the secondary 

island. As shown in Section III. B and C, the asymmetry totally destroys the balance 

between the saturated main m/n=1/1 magnetic island and the large secondary island. 

The further development of the resistive-kink mode forces the large secondary island 

to be merged into the main m/n=1/1 island. After that, the well-developed main m/n=1/1 

island pushes the hot core plasma out of the 1q   region, and all magnetic flux in the 

central region is reconnected.  
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