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Classical plasma is typically of low density and/or high temperature, and the basic properties
of Landau damping and two-stream instabilities are already well studied. When increasing the
plasma density, quantum effect appears and the beam-plasma interactions will show quite different
behaviour when compared with classical cases. In this work, the quantum Landau damping and
two-steam instabilities are revisited by using quantum hydrodynamic and quantum kinetic theories,
with the latter taking into account wave-particle interactions. The similarity and discrepancy of the
damping rate of Langmuir Wave between high energy density and classical plasmas are significantly
compared and explained. Especially, we found the plasma growth rate behaves as pure two-stream
instability without landau damping when countering velocity exceeds a certain threshold, which is
different from classical case. Our work might find great applications in inertial confinement fusion

researches and also might be of great value in astrophysics studies.
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I. INTRODUCTION

High Energy Density Physics (HEDP), especially the warm dense matter (WDM) or hot dense matter (HDM)
regime [1-5], has draw much attention in recent years. WDM or HDM widely exists in inertial confinement fusion,
and (laboratory) astrophysics studies, with temperatures of 1 ~ 100 eV and density of 0.1 ~ 10 solid densities.
However, due to the significant high temperatures when compared with condensed matter state and high densities
when compared with pure plasma state, experimental and theoretical studies are of great challenges. This is because
knowledge of both condensed matter physics and plasma physics needs to be organized together. Therefore many of

the foundational properties of WDM or HDM are still open and not well studied.

Among the most fundamental properties of plasmas, Landau damping and two-stream instability are two funda-
mental properties of plasmas that widely exist in various kinds of physical phenomenon. Landau damping [6] is what
defines ’kinetic’ efforts which essentially represents wave-particle interaction, while two-stream instability simply rep-
resents the excitation of intrinsic oscillation of charged particle in plasma by another group of charged particle flow.
In most of cases, two-stream instability can not be treated as a pure fluid instability, since the plasmas in reality
always have velocity distributions departing from thermal equilibrium, which means the kinetic effects exist. Although
extensively investigated in ideal plasmas [7], under WDM or HDM regime, such properties are seldom studied. In
this extreme situation, instabilities behaviour shall differ from classical plasmas in two respects: 1) the equilibrium
distribution function becomes Fermi-Dirac function instead of Maxwellian, 2) the quantum mechanical feature, i.e.,

the wave-like behaviour, of single particle becomes relevant.

The investigation of the properties of dense plasma started from the pioneering works of Bohm and Pines [8, 9] who
first utilized the random phase approximation (RPA) approaches to calculate the dynamic response of degenerate
plasmas. Under classical plasmas, the RPA approaches reproduce the famous Bohm-Gross wave (BG) with Landau
damping, and for degenerate plasmas, one obtains their quantum counterparts. Since then, there are many theoretical
attempts to study the influence of quantum effects on two-stream instability. M. Bonitz described the quasi-one-
dimensional degenerate plasma in detail and summarized the quantum effects in three-dimensional systems [10-
13]; Vladimirov gave an analytical description of collisonless quantum plasma [14]; Manfredi and Haas established
the Quantum Hydrodynamics (QHD) theory [15]; Haas gave the fluid expression form of two-stream instability,
summarized the differences between various models, and revised QHD under consideration of exchange-correlation
effects [16, 17]); M. Akbari-Moghanjoughi compared the difference between fluid approximation and dynamic limit
of Wigner-Poisson equation [18-20]; Seunghyeon Son discussed the difference between classical and quantum cases
through Lindhard description and given a conclusion that kinetic approach is more accurate than QHD in studying

two-stream instability [21].

In this paper, we revisit the Landau damping and two-stream instability by using both QHD and QKT theories.
The quantum Landau damping and two-steam instabilities are here revisited by using quantum hydrodynamic and
quantum kinetic theories, with the latter taking into account wave-particle interactions. The similarity and discrepancy
of the damping rate of Langmuir Wave between high energy density and classical plasmas are significantly compared
and explained. Especially, we found the plasma growth rate behaves as pure two-stream instability without landau
damping when countering velocity exceeds a certain threshold, which is different from classical case.Especially, we

found the plasma growth rate behaves as classical two-stream instability when countering velocity exceeds a certain
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threshold.

The article is organized as follows. In Section II, we give a brief introduction to QKT and QHD, and summarize the
previous results of two-stream instability under QHD model. In Section III, we take the Lindhard function [22] and
give the influence of quantum Landau damping on dispersion relation, and then we study the property of quantum
plasma depending on the system density and temperature. In Section IV, we consider the two-stream instability by
using QKT theory, and give an explanation for the theoretical difference with QHD model. Finally we compare the
effects of quantum dissipative instability under different system parameters. A summary and discussion are given in

Section IV.

II. AN INTRODUCTION TO QKT AND QHD

We here give a brief introduction of QKT and QHD. Following the introduction, the existing work on two-stream

instabilities based on QHD is also introduced.

A. Quantum Kinetic Theory

Quantum Kinetic Theory (QKT)[23] starts from Wigner function [24]

(542 ) sty = o [ [0 exp (MR 0 (R /2,000 (R /200 R 1)

where quantum distribution f(p,R,t) is expressed in terms of Schroedinger wave function, 1, (R,t), which is char-

acterized by a probability p, satisfying Zivzl Do = 1

N .
o= [ e (TT) x i e/ 00 R 220 &)

Here U,y is the potential field, and it is different from the kinetic theory under classical case. When combined with

Poisson’s equation in integral form

dp’
(2mwh)3

Uesr(R,t) =UR,t) + /dR’V(R— R') x / f(p',R,t), (3)

one can obtain the linearized longitudinal dielectric function. For electrostatic plasmas, we have

e(k,w) =1+ue Y xs(k,w) (4)

where uy = 4me?/k? is the Fourier component of coulomb interaction of particles with each other, and y, is the

corresponding density response. According to the work of Bohm and Pines [8, 9], the latter part can be written as
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in classical and quantum conditions, respectively. Here one need to note, when comparing the Egs. (5) and (6), the

quantum density response can be reduced to the classical ones by taking the long-wavelength approximations.

The expression of x? is actually the vacuum polarization bubble resulting from RPA theory. The waves in high
damping region can rapidly decay and cannot effectively transport. Therefore, it is appropriate to apply small damping

approximation to analyse the property of transport.

At low-temperature limit, where the Fermi distribution reduces to a step function, the real part of density response

is

=\ 2 5k N >,k
mhkyp 1 ok 1+(%—§) 1 ok 1+(%+5)
Re(Xg):22h - —= — T_§ ln = i + — 1-— f+§ ln = 7 (7)
™ 2k k 1,(%,5) 2k k 1,(%+§>
and the imaginary part is
mk‘F 1 - . ~ 7 7
- —=2 th (@/k+k/2) <1
w2 a0 with (0/k + k/2) <
ke 1 A
m(x)=¢ - 2 1 (2_2) | with ‘wl%—fc2‘<1<@l%+i<;2
2 T / / @/ /2)
0, with ‘w/l% - 1}/2‘ >1

Here @ = w/(hk%/m) is the normalized frequency, and k = k/kg is the normalized wave vector. This result is derived
by Lindhard [22] under small damping approximation. Considering the limit of & > k, which is the same way to

analyse the electron Langmuir waves in classical plasmas, we get the dispersion relation

4m?

e

h2k4 1/2
wLw(k) = <w12) + <02>k'2 + >

which is derived by Klimontovich and Silin [25]. For zero temperature fermions, we have

(v?) = 3 (@)2 9)

5\m

where pp = hkp = h(372n)'/3 is the Fermi momentum.



9% B. Quantum Hydrodynamics
o1 Haas and Manfredi [15] derived the Quantum Hydrodynamics equations from the Wigner-Poisson equantions
%—FV'(nu):O (10)
Ou e 1
= . =—Vd- —VP 11
BN +u-Vu mV mnv (11)
oo where the density, velocity and pressure are respectively given by
dp
= R,t 12
n= [ G0 (12)
1 dp
= — R,t 13
u=— / (QWh)gpf(n 1) (13)
Pom [ P ) R (14)
(2mh)3 ’
03 The pressure can be separated into classical part and quantum part. The quantum part can be written as
h2 2
pa_ [ VVn (15)

2m /n

o whose gradient, —VPQ, is also called Madelung term [26] or Bohm Potential [8, 9].
o Linearizing the above formula, we can also get the dispersion relation of Langmuir wave, Egs. (8), which means

o6 that QHD and QKT are mutually unified in the case of long-wavelength approach.

o7 C. Two-stream Instability Analysis via QHD

0 Two-stream instability is a basic and crucial research content in classical plasma. In the study of collective effects
% at quantum regime such as fast ignition and white dwarfs, two-stream instabilities also significantly influence the
w0 transport of charged particles in plasmas.

101 When ignoring the kinetic effect and adopting the QHD approach [16], we have

C (wHk-uw)?—w? (w—k-ug)?—w?
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where wpe = wpe = wyp for two-stream case. The different considerations lead to different values of wy: 1) Classical zero
temperature case, w? = 0; 2) Classical Fermi distribution case, w? = (v?)k? with (v?) = (3/5)v3; and 3) Quantum

2

2 = (v2)k% + h2k*/4m?2. As expected, the expression of dispersion relation is also naturally consistent

condition, w
with the QKT Langmuir wave under the long-wavelength approximation. Now we can expand the expression into
u

polynomial form (w? + k*uf — w?)? — 4k*ugw? — 2(w? + k*uf — wi)w? = 0. Then we obtain the solution of dispersion

relation

w? =Wl + wl 4+ Kud £ [w) + 4k uf(w? + w2, (17)

The solution has two branches, one is a stable solution with w? > 0, and the other is an unstable solution with w? < 0,

which represents the region that leads to the two-stream instability. The unstable solution satisfies

(kg — w?) (2wl + wi — k*ug) < 0 (18)

1) For classical zero temperature case, w2 = 0, instability region always exists. The interval of instability region is

k< \/iwp/uo.

2) For classical Fermi distribution case, we have w? = (v2)k2. In this case, there is a certain threshold for the
appearance of the instability region: w3 > (v?), which means two-stream instability begins to emerge when the
countering drift velocity is greater than the respective thermal velocity [27, 28]. The instability region satisfies
k< V(- (02))12,

3) For quantum condition, we have w? = (v2)k? + h?k*/4m?2. The threshold that instability region begins to emerge

is the same as in the second case, u2 > (v?). When (v?) < u3 < (v?) + v/2hw,/m, the instability region satisfies
k < 2mU'2 /h where U = u2 — (v?). When u > (v?) + v/2hw, /m, a new stable region [k,, ky] begins to appear:

k2= (2m? /1)U — (U? — 2h*w? /m?)Y/?] (19)
and
ki = (2m?/R?)[U + (U? — 2h%w? /m?)'/?] (20)

For Fermi distribution at zero temperature, U = v — 3/5v3 .

From Fig. 1, we can intuitively understand that the influence of temperature or Fermi distribution will increase the
area of two-stream instability, while the maximum growth rate will decrease. Comparing the second and third case,
we find that quantum correction will further expand the instability interval and simultaneously form a new stable

region in it, thereby splitting it into two growth intervals.
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FIG. 1. Growth rates of different conditions at countering drift up = 1.15vr, with parameters: T, = 0, and np, = np = 10%4ecm 3.

III. REVISITING LANDAU DAMPING

In this section, we compare the quantum Landau damping with both QKT and QHD theories. QHD is a fluid theory
which ignoring the wave-particle interactions. In comparison, QKT is relatively a more complete theory, although the
analytical solution of QKT is not easy to follow.

According to Eqgs. (8), when compared with the dispersion relation of classical Langmiur waves, w(k) = (w2 +
<vt2h>k2)1/ 2 the Fermi distribution, physically corresponding to the Pauli principle, promotes particles to fill the
lowest energy levels and provides the system a minimum average kinetic energy. For this reason, there is no absolute
“cold” plasma at low-temperature limits. There is another wave structure called electron acoustic wave (EAW) which
is certainly nonlinear and strongly damped, but can still exist in a plasma. It was previously described by Hollway
and Dorning [29] in classical plasma, and they gave the acoustic-form dispersion relation, w = 1.31kwyy, for small k,
which is related to thermal pressure. Therefore, EAWs will not disappear at low-temperature conditions, which is an
important difference from the classical plasmas.

Let us consider the limit that & (l~c > 0) approach zero and @/ k has a finite value. According to the approximation

mﬁ—gigﬂzmh—%

+ O(/~€2)7 we can expand the real part of quantum dielectric function, and the

w/k relation of quantum electron acoustic waves satisfies

w

=
——=In k

@
=3

+2=0 (21)

Then we have the linearized dispersion relation of EAWs at quantum condition, wgaw ~ 0.834kvg.
Using Egs. (7) and (8), we can get the real solution of dispersion relation and obtain the damping rates by small

damping approximation,
v = —e(k,wr)/ (Oer/Ow),, .- (22)

As shown in Fig. 2, the resonance curve w* (k) cut the w — k plane into undamping region and damping region. For

the waves whose phase velocity is greater than Fermi velocity, there are no particles satisfied the velocity condition
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FIG. 2. Real dispersion relation of longitudinal oscillations of a degenerate electron gas by QKT with 7. = 0, and n. =
10%*cm 3. Here a is the optical mode and b is the acoustic mode. k. and kq respectively represent damping turning points of
two modes. w = fik/2m(2kr + k) is the kinetic resonance frequency for particles on Fermi sphere.

and hence no particle can resonance with waves and contribute to Landau damping. The intersection of optical mode
and resonance curve w™ (k) indicates a turning point k. which shows Landau damping occurs for the part k > k.
of optical mode. Another turning point k4 exists at the intersection of acoustic mode and resonance curve w™ (k).
However, unlike optical mode, the acoustic mode is always damped.

Let us consider the influence of electron density on dispersion relation of the degenerate system. As shown in the
Fig. 3, it is obvious that the optical mode approaches to the classical electron Langmuir waves as density decreases.
Another important point is that the acoustic mode approaches the k-axis simultaneously and deviates from the kinetic

resonance frequency (w™), which is consistence with the classical condition at low density limit.

1022¢m ™3 10%*cm ™3 10%6¢m 3

2 2p. . A2 |,
(=%

3o 0 0

3

2 1% ~d ol .

10 1 10 1 10 1
k /Ky ke /Ky k/kyp

FIG. 3. The real part of longitudinal dispersion relation as the density changes shown by the solid lines (blue). The dashed
lines represent the theoretical approach of optical mode, wrw (k) (red).

The dissipative undamping region limit k. of optical mode is a parameter which shows the difference between
quantum condition and classical condition. The formation of undamping region is due to the steep edge of Fermi-
Dirac distribution, which is different from the undamping region based on Debye Shielding at classical condition. The

normalized kinetic resonance frequency is

wE OB [k R\ e [k K
v PIAREELI I (SR 2
wp  2mwp ( kp k‘%) Tiwy, ( kp k%) (23)

According to Egs.(8) and (23), the undamping limit k. satisfies
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As shown in Fig.4(b), the first order slope of resonance curve ep/fiw, increases with density, which means the area
of undamping region in w — k plane decreases simultaneously. The tendency of curve k.(n) also represents the same
conclusion. It should be noted that the absolute value of k. increases with density in the contrary, because the Fermi

wave vector kp is proportional to n'/3, shown by the solid line in Fig. 4(a).

1.2 . 0.07
i QKT 0.06
QHD
40.05
0.8} —QKT .
& QHD 004 o &
~ < &
<& 0.03 =< g
0.02 ICF
0.01
0 0 . - = :
10%® 102 102 10  10% 108  10%

n(cm™?)
(b)

FIG. 4. (a) Various values of quantum undamping region limit k¢ of optical mode with T, = 0 as the density changes using QKT
and QHD. Here, ag = 52.9pm is the hydrogen Bohr radius. (b) The ratio of plasmon energy and Fermi energy of degenerate
system decreases as the density increases.

The low-temperature limit theory has pointed out some difference between classical and quantum condition, how-
ever, cannot obtain an accurate result at finite temperature. Hence we can directly solve Eqs. (6) by using small
damping approximation from the beginning. The real part of dispersion relation can only be given analytically at

some limit cases [30, 31]. And the imaginary part can be found by theoretical approach

62m2 N_ w
I (1 ) = St (j;w;) 29

where

fi(wak) =1 +eXp

1 - (“,j . ’;)2 2?”] (26)

Hence we can use Eqgs. (22) and the real part solutions to get the damping rates.
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FIG. 5. The solid lines (blue) represent the real part of dispersion relation as the temperature § = kp7T'/er changes. The dashed
line (grey) is classical Langmuir waves w = (wZ + (vZ,)k?)'/2. The dotted line (red) is classical EAWs, w = 1.31kve, [29].

We plot the real part of dispersion relation in Fig. 5. High temperature breaks the steep edge of Fermi distribution
to be smooth and narrow the difference between quantum theory and classical limit. For this reason, the undamping
region will disappear. However, at relatively low temperature, there is very few particles with large momentum which
can resonance with waves. Hence, just like what we have implemented at low-temperature limit case, here we have
2/(6'8(h2k?/2m’”) +1) > 1/n where the factor 2 stands for spin of electron. Then we get k2 = 2m/h?[u + %ln(2n)].

Replacing kr at quantum low temperature with k;, and simultaneously considering the energy conservation, we

have the approximate resonance frequency for particles at finite temperature:

2m

wy = k\/i (,u + ;ln(2n)> + hi~ (27)

Then we can determine the undamping region limit k. according to the intersection of resonance frequency curve

and Langmuir wave curve Egs.(8), shown by the dashed line in the FIG.6.

0.2t
- -QHD Approach

0-17—QKT Approach

0 1 1 1 1

10*  10° 102 10t 10° 10t

0(: k‘BT/(—IF)

FIG. 6. The undamping region limit of optical mode (n = 1024cm73) at finite temperature according to the approximate
resonance condition is shown by the dashed line. The solid line represents the theoretical approach of imaginary part of
dielectric function.

The tendency of two curves in Fig. 6 is basically the same. Therefore, the reason for the formation of dissipative
undamping region is indeed the particularity of Fermi distribution. As shown in the figure, the value of k./kg tends

to zero as temperature increases. It means at high temperature limit, since the Fermi distribution is equivalent to the
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10 Maxwellian, the undamping region disappears, which is consistent with the classical situation.

181 IV. REVISIT OF TWO-STREAM INSTABILITY

182 In this section, we compare the two-stream instability results of QKT and QHD studies. Here, in order to maintain
183 symmetry and facilitate research, we study non-relativistic countering-stream case, which can also be obtained from

184 two-stream case by coordinate transformation.

e(k,w) =1+ ukxpe (k,w + k- ug) + ukxpe (k,w — k - ug) (28)

15 where xpe and xp. respectively represent the density response of background plasma and plasma beam.
186 Now we can add the previously omitted kinetic Landau damping to the theoretical results of QHD. Due to the
17 existence of two parts of countering electrons, their respective undamping regions will overlap. When the countering

1s  speed exceeds a certain threshold, the overlapping part will form a new exact dissipative undamping region.

uo/vp = 1.3 up/vp = 1.4

2 2
./, _//
/, /,

FIG. 7. The same as Figure 2, but for countering-stream case (Te = 0,m, = n, = 102*cm™?). Solid lines (blue) represent
the numerical solution of QKT, and dotted lines represent the real (red) and imaginary (grey) solution of QHD. The enclosed
dashed curves (light blue) form a new dissipative undamping region.

189 In Fig.7, the increase in countering velocity causes the new undamping region to expand, so as to completely cover
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the first growth interval of two-stream instability. According to the intersection of two kinetic resonance frequency

curves, we have the vertex of new dissipative undamping region:

k=2 (mug/h— kr) (29)

And this stable region also coincides with part or all of two-stream instability growth region. Combing the Eqs.(19)
and (29), we can get the countering velocity required when the dissipative undamping region and growth region is

completely covered

w2 13 U, uz 3 1 h2w?

A e it ¢ _y2_ Z 30
%+ 5 R (v% 5) 2 € (30)
29 %10°

n(cm™—?)

FIG. 8. the value of countering velocity threshold with the change of electron density.

According to Equ.(30), we plot the tendency of velocity threshold with electron density in Fig.8. As density
increases, the ratio of threshold velocity to Fermi velocity decreases, while the absolute value increases, which is
consistent with the change trend of k. in Section II.

When the countering velocity is greater than the threshold, the instability of this region appears as pure two-stream
growth rate without the influence of Landau damping. From the perspective of distribution function, when phase
velocity of waves is located at the ’gap’ between two parts of electron distribution, waves can be directly excited by
two-stream growth rate without Landau damping.

As the countering velocity increases, the results of QHD and QKT gradually conincide. When the stable mode just
appeared in QKT (ug & u.), the difference between two theories are relatively large, mainly because the approximation
of QHD has a certain error in short-wavelength region.

Quantum correction is the reason for the formation of this new dissipative stable region. Considering the dispersion
relation of Fermi system in classical case, we find that the similar stable region is an open interval composed of
two rays, which is different from the closed interval in quantum case. Thus, when ug/vp > 1, the entire range of
two-stream instability is completely within this region in classical case.

Therefore, in quantum case, within a certain countering velocity range, wave growth rate is the result of combined
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effect of two-stream instability and wave-particle resonance, which cannot be considered separately.
In Section II, we mentioned that the increase in temperature will lead to the reduction of undamping region,
which is consistent with classical case at high temperature limit. Therefore, temperature is one of factors that affect

two-stream instability. According to Equ.(27) and Equ.(19), we can get the vertex of undamping region

k= 2% (uo—\/fn (u—k;ln(Qn))) = 2%n(uo—vu)

Similarly, we can get the countering velocity threshold where dissipative undamping coincides with the first growth

(31)

region of two-stream instability

2h2w?2
2 vy 208+ 08 + 2 = 2 - 2

} (32)

We plot the solution of Equ.(32) in Fig.9, we can see that as temperature increases, the equivalent thermal velocity is
also increasing, which means that a higher velocity is required to cause the appearance of two-stream instability. And
the threshold velocity rises faster, which means that the higher system temperature, the higher countering velocity is
needed to make two-stream instability completely free of Landau damping. However, a high countering velocity will
cause two-stream instability to be insignificant, and simultaneously the theory of relativity needs to be considered,
which also requires the basic model to be revised. Therefore, in high temperautre region, two-stream instability is

bound to be accompanied by a certain Landau damping.

80 . . :
- - -Velocity Threshold u |,
60 F ~Thermal Velocity ( V2> !
. 50+ ,

) /

=Y WDM
30t 4

Y
20t e
7
10 _ - - J
e = /
1072 107! 10° 10! 10
0(: kBT/EF)

FIG. 9. the value of countering velocity threshold with the change of temperature (n = 10**cm™?).

V. CONCLUSION

In this paper, we discussed the quantum effect of two-stream instability in high density plasmas by means of

quantum kinetic theory and quantum hydrodynamics. The discrepancies of these two theoretical framework are
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caused by wave-particle interaction, i.e., kinetic effects, which is ignored by QHD. We conclude that, firstly, the Fermi
statistic effect yields a stable region without Landau damping, which is further deformed by single-particle quantum
effect, namely, the Bohm potential. This stable region shrinks as the temperature rises, which means the quantum
effect being concealed by thermal effect. And secondly, the unstable region of two-stream instability is split into two
parts by Bohm effect, and one of which is located at the dissipative undamping region thus yielding a pure two-stream
instability growth region. Last but not least, there exists a threshold drift velocity beyond which the two-stream
instability decouples with Landau damping and become a pure fluid instability. This threshold also increases as

temperature rises.
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