Hybrid simulations of Alfvén modes driven by energetic particles
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Abstract

A hybrid kinetic-magnetohydrodynamic code (CLT-K) is developed to study nonlinear dynamics
of Alfvén modes driven by energetic particles. An energetic particle mode (EPM) with a fixed fre-
quency is first excited in the linear and early nonlinear phase. Then, a toroidal Alfvén eigenmode
(TAE) comes up and gradually moves outward in the radial direction with its frequency downward
chirping. In the late stage of the simulation, the TAE is suppressed due to the continuum damp-
ing and the mode becomes a energetic-particle continuum mode with the fixed frequency. The
movement of the § f structure in the phase space is consistent with the mode frequency downward
chirping and the drifting direction of resonance region is mainly due to the biased free energy pro-
file. The mode structure expansion during the transition from a “central” EPM to a “edge” TAE is

mainly caused by extension of the p = 0 trapped particle resonance in the phase space.

*Electronic address: zhu.jia@live.com
TElectronic address: zwma@zju.edu.cn

tElectronic address: zjuws@163.com



I. INTRODUCTION

In burning plasmas, the interaction between Alfvén waves and energetic particles which
come from nuclear fusion products or auxiliary heating methods is an important issue in
current and future magnetic confinement fusion research[l|. Toroidicity-induced discrete
shear Alfvén eigenmode (TAE)[2, 3] is one of important Alfvén waves with the frequency
located inside the continuum gaps in toroidal plasmas. TAEs can be driven by energetic
particles through wave-particle interaction[4, 5|. Energetic particle transport and loss as-
sociated with TAEs have attracted a lot of attention recently. On the other hand, when
wave-particle interactions are strong enough to overcome continuum damping, another non-
perturbative mode can be driven in the Alfvén continuum, which is called by Energetic
Particle Modes|6] (EPM). One important example of an EPM is a fishbone instability|7],
which can be observed usually in present tokamak experiments and its mechanism is well
understood by simulations|8|.

In magnetic confinement plasmas, there are two types of nonlinear scenarios for Alfvén
instabilities: a slow frequency sweeping of the mode due to locking to slowly changed
plasma equilibrium and a fast frequency chirping associated with a change of the fast ion
distribution[9]. It is known that a discrete spectrum of toroidal Alfvén eigenmodes are
determined by bulk plasma during the nonlinear stage. The nonlinear behavior of TAEs
driven by energetic particles always exhibits a fast frequency chirping in current tokamak
experiments[10-13]. Several nonlinear models are developed to understand TAE frequency
chirping. Berk and Breizman established a model based on a bump-on-tail problem including
a collision term to interpret the frequency chirping resulted from a spontaneous formation
of holes and clumps in the energetic particle distribution function[14, 15]. Ge Wang et al.
developed a simulation model based on the linear tip model to investigate the frequency
chirping of TAEs[16]. It is found that TAEs exist with the frequency both in the gap and
continuous spectrum and the TAE frequency chirps towards the upper and lower continua.
Using the HAGIS code with a fixed TAE mode structure[17]|, Pinches et al. reproduced
TAE frequency bifurcations, which agrees well with theoretical prediction and experimen-
tal observations[18|. Similar work using EAC code based on reduced model is also carried
out to investigate hole-clump dynamics in phase space associated with the TAE frequency

chirping[19, 20]. Many works to understand physics of the TAE frequency chirping are al-



most based on semi-analytic 1D models or reduced model with fixed mode structure, it is
lack of a self-consistent simulation to capture the complex properties of the TAE frequency
chirping in realistic tokamak plasmas.

It is well known that a magnetohydrodynamic (MHD) model has its limitation on im-
itating plasma phenomena induced by energetic particles in which kinetic effect is very
important. In order to solve these problems, a hybrid model is formulated|21, 22| to include
wave-particle interaction effect. A lot of numerical simulation codes based on this hybrid
model have been developed to investigate energetic particle physics, such as MEGA[23, 24|,
HMGC|25], M3D-K]8|, NIMROD|26, 27|, HYM|28, 29]. Hybrid codes are powerful tools
to investigate different problems of energetic particle effects on MHD activities, such as
TAEs[30-36], fishbone instabilities|8], EPMs|30, 37|, and tearing modes|38].

In this paper, we develop a new simulation code (CLT-K) which based on the hybrid
kinetic-MHD model to study dynamical evolution of TAEs/EPMs driven by energetic parti-
cles. The framework of the MHD part is based on the CLT code[39], which is a 3D toroidal
MHD code in toroidal geometries. This paper is organized as follows. In Sec. II, the simu-
lation model and numerical method are presented. Benchmarks on a n = 1 TAE are shown
in Sec. III. Sec. IV presents the simulation results for the n = 2 EPM/TAE driven by

isotropic energetic ions. Finally, conclusion and discussion are given in Sec. V.

II. SIMULATION MODEL
A. A brief review of CLT

The CLT code is an initial value code that solves the full set of resistive MHD equations

in toroidal geometries:
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where the subscript of “0” represents equilibrium variables. Equations (1)-(6) are evolved in a
cylindrical coordinate system (R, ¢, Z). A finite difference method is employed in the R and
7 directions, while in the ¢ direction, either a finite difference or pseudo-spectrum method
is used. In the time-advance, 4th order Runge-Kutta scheme is chosen. In the CLT code,
a mixed representation (covariant for By and contravariant for Bp) of the axisymmetric

toroidal equilibrium is used as follows:
B=V¢xVi+ RBVo, (7)

where 1) is the poloidal flux.

The benchmark on the internal kink mode and the tearing mode has been carried out to
validate the credibility and applicability of CLT and the detailed descriptions can be found
in Ref. [39].

B. The hybrid kinetic-MHD model

According to the current coupling formalism of the hybrid kinetic-MHD model|21, 22],
only one modification in the MHD equations takes place, i.e., there is an additional contri-
bution from energetic ion current Jj in the momentum equation:

8vb
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where the subscript ”h” and “b” are adopted to distinguish between hot particles and bulk

plasma. It should be noted that Z,eE does not appear in the above momentum equation



because of cancellation between Z,eE and energetic particle E x B current. The approxi-
mation of this hybrid model is under the condition that the density of hot particle is much

less than the bulk plasma density: n, < n.

C. Equation of motion

We use the 5-dimensional guiding-center equations of motion derived from the Northrop
guiding-center Lagrangian in the presence of the E x B drift velocity[40-42| to push particles

in the phase space:
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where the modified fields B* = V x A* (with By = B* - b and b is a unit vector of the
magnetic field) and E* = —V®* — 0A* /0t are expressed in terms of the new effective

electrostatic potential and the vector potential:
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It should be noted that the E x B drift velocity vy = ExB/B? is introduced into A* and the
polarization drift velocity now appears explicitly in the guiding-center velocity expression
(9). Here we omit the Banos drift[43| in the above equations for simplicity. The Jacobian
of the guiding center transformation is _fac = B‘T /m(i.e. dxdv = fgcdXdvydpdo), where
X is the guiding center position,v| is the parallel velocity, i is the magnetic moment and o

is the gyroangle, respectively.

D. Formalism of energetic particles current

The energetic particle current density J; consists of three parts : the guiding center

current Jgc, the magnetization current Jyag, and the polarization current Jpor,:

Jn = Jac + Juvac + Jror, (13)



here Jgc is associated with the guiding center drift velocity:
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The magnetization current and the polarization current can be expressed as:
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where vpor, = (m/ZwBﬁ) b x Ovg/0t.
We define the guiding center density, the parallel current, the parallel and the perpen-

dicular pressure by
np(x) = /f(X, vy, )0 (x — X — py) dXdvydpdor,
NVj(x) = /vnf(X; v, )0 (x = X = py) dXdvydpde,
paj(x) = /mvﬁf(X, vy, 1) (x — X — py) dXdvydpda,
pri(x) = / %mvif(x vy, 1)d (x = X — py) dXdvjdude,

respectively. Using the set of the above guiding center fluid moments, the energetic particle

current density can be written as:
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E. §f method

In order to reduce the particle noise, the 6 f method[44, 45] is used to calculate the
energetic particle current density. We split the energetic particle current density into the
equilibrium and perturbed parts: J;, = Jpo+0J},, where J;,g can be calculated by integrating
an analytical distribution function. The equilibrium energetic particle distribution function

can be treated as a function of three constants of motion:

fOZfO(P¢7E7A)7 (22)

where Py = —Zpet) + myyRB,/B is the toroidal canonical momentum, F = %mvﬁ + uB
is the particle energy and A = uBy/FE is the pitch-angle parameter with the magnetic field
strength By at the magnetic axis, p is the magnetic moment. A new variable of the weight
w = §f/g is introduced, where g is the marker loading distribution function. The weight

equation is given by

dw_ _1d._ 1[dP,0fy  dEOL  dADfy 23
dt — gdt’’ g | dt 9P, " dt OE ' dt OA |’
where

dP, dX dv)\ 0P,
—2 - (=) VP + (=] =2 24
dt (dt)1v¢+(dt Loy’ (24)
dFE dU” dX 0B
— =y — — .VB+ — 2
a " dt+“(dt v +8t)’ (25)
@ HDodn 2
dt E? dt (26)

III. BENCHMARK STUDY

Firstly, a benchmark study is carried out for a n = 1 TAE. A low beta tokamak equi-
librium with shifted circular flux surfaces is assumed and the total volume averaged beta is
(B) = 0.5%. The other baseline parameters for both equilibrium and energetic ions are same
as in Ref. [19]. The contour plot of the radial plasma displacement &€ -V on a poloidal cross
section is shown in Fig. 1(a). We construct a flux coordinate system (1), 6, ¢) which is con-
sistent with the eigenvalue code NOVA|46] for the purpose of data analysis. Therefore, the

two dimensional (2D) mode structure &, (R, Z) can be converted into the summation of the
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Figure 1: (a) contour plot of the mode structure & - V4 and (b) the eigenfunction & - V1) as the

function of \/Ynorm for Fourier poloidal components.

absolute value of the Fourier poloidal components as a function of square root of the normal-
ized poloidal flux \/¢yorm. The two dominant poloidal modes are m = 1,2 as shown in Fig.
1(b). It is found that both one dimensional (1D) and 2D mode structures agree well with
that from the eigenvalue code NOVA[47|. We further check the frequencies of a TAE driven
both by energetic particles and the external antenna. We have wgp = 0.093w4(wa = v4/a)
and Wantenna = 0.097w4 from CLT-K, while wyova = 0.1wa from the NOVA code, i.e., the
differences of all three frequencies are small. The scaling law of the linear growth rate v,
versus the peak energetic particle beta in the CLT-K simulation is 7 /wfho = 0.578 while
NOVA predicts 7y /wBro = 1. The large discrepancy of the linear growth rate between two
codes is mainly due to the non-perturbative approach used in our code.

The benchmark study on nonlinear dynamics of the n = 1 TAE is also carried out. In
order to reduce the linear phase, the total volume averaged beta increases to(5) = 2.0%
with Bpgac = (Br) / (B8) ~ 0.75. We can also adjust dissipation parameters (such as viscosity,
diffusion, resistivity) to guarantee that the TAE mode structure remains nearly unchanged.
Since the spatial scale of the n = 1 TAE mode as shown in Fig. 1(a) is much larger
than that of the wave-particle resonance layer, there is no spatial variation for particles
deeply trapped by the wave in the phase space. Thus, the main saturation mechanism in
the nonlinear phase is mainly resulted from the wave-particle trapping relevant to classical

bump-on-tail problem[48], which suggested that our simulation results can be comparable
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Figure 2: The nonlinear saturation level of Ey versus the linear growth rate.

with Berk-Breizman theory [49] if we remove the MHD nonlinearity during the simulation.
Indeed, the saturation level of the toroidal electric field in our simulation scales as v#0,

which is in a good agreement with the analytic prediction[49].

IV. SIMULATION RESULTS

A. n=2 modes driven by isotropic energetic ions

In this simulation, we choose the circular tokamak equilibrium with an aspect ratio of 3.0.
The simulation parameters are chosen as follows: the total volume averaged beta () = 2%,
the energetic ion volume averaged beta (8;,) = 1.6%, the particle number 5.2 x 10°, and
the safety factor profile ¢ = 1.25 + W, where V¥ is the normalized poloidal flux varying
from zero at the magnetic axis to unity at the edge. The plasma density is set to be
uniform. In the cylindrical coordinate (R, ¢, Z) of CLT-K, the number of grid points is
128 x 16 x 128 and the viscosity, diffusion, resistivity, and thermal conductivity are chosen
tobe v = 5 x 107%v4a, D = 1 x 107 %04a, n = 1 x 107 %uqv4a, and k = 1 x 107 % a,
respectively. The particle distribution is chosen to be a slowing down distribution in the

velocity space and an exponential distribution in the real space,

1 Vg — U (1)
Jo= v3 + v3 [1 orf ( Av )} =P (_0.37A¢) ’



where (1)) is an averaged poloidal flux over the particle orbit, which labels an effective orbit

center with the given constants of motion (Py, E, u):
m ¢
— —Py/(Zne) + 2 (o R22
W) = —Pof(ze)+ 1= (R
—P,/(Zye) , uBo/E > 1 for trapped particles

—Py/(Zne) + zsen(vy)vRoy/1 — pBo/E . pBy/E <1 for passing particles

Fig. 3(a) shows the initial equilibrium profiles of the total pressure p = p, + py, and the
safety factor g, where p, is the pressure of the bulk plasma and p, is the pressure of the
energetic particles. The three components of the equilibrium energetic particle current are
also plotted in Fig. 3(b)-(d), which is very similar with the result of the equilibrium model
including self-consistent energetic beam ion effect in Ref. [50] except for Jye, because
the distribution as a monotonic function of P, is used in their results while we choose a
distribution as a function of of averaged poloidal fluxes (1) with balanced co-going and
counter-going particles.

It is found in Fig. 4 that bulk plasma kinetic energy exponentially grows in the linear
phase and then reaches the saturated state at about 1600 w*. The magnitude of the radial
magnetic field exhibits an oscillation property in the whole simulation period as shown in
Fig. 5(a). In the linear phase, its frequency remains almost unchanged around ~0.lwg,
while in the nonlinear stage, the mode frequency chirps down evidently and finally reaches a
steady frequency about 0.05w,4 as shown in Fig. 5(b). The downward chirping phenomena
is very similar with that obtained from a reduced model (the EAC code)[51], although an
anisotropic distribution in the pitch angle parameters A is adopted and the mode structure
is fixed in the EAC code.

The toroidal electric field in different stages is examined. In the linear phase, the dominant
poloidal mode numbers are m =2, 3 and the location of the maximum mode amplitude is
around /Yo ~ 0.25. During the early nonlinear phase, the amplitude of the m =3 mode
reduces and only the m =2 mode becomes dorminant. The perturbation structure of the
m =2 mode shrinks and moves towards the magnetic axis. At the late stage, the m = 3 mode
recovers and grows to be dominant and the m = 4 mode becomes evident. The location of
the peak amplitude of the mode moves outward at /tnom ~ 0.6.

In order to examine the type of modes in our simulations, the continuum spectrum

calculated by the NOVA code is shown in Fig. 7. In the linear stage, it can found that the
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Figure 5: Time evolution of (a) the radial magnetic field near the location of the maximum mode

amplitude and (b) the mode frequency

mode with its frequency w = 0.1w, is in the regime of the Alfvén continuum and the location
of the maximum mode amplitude is almost at v/Unorm ~ 0.25, which is consistent with that
in Fig. 6(a). Although the mode shows a TAE structure with double poloidal harmonics,
both the mode frequency and the mode structure are determined non-perturbatively by
the EP dynamics, so the linear mode (non-chirping mode) can be identified as a TAE-
type EPM|52, 53| or called a resonance TAE (rTAE)[54, 55]. When the system enters into
the nonlinear regime (~ 2000w '), a TAE is excited near the gap location at v/¥nemm ~ 0.7.
But, when the TAE gradually moves outward in the radial direction and its frequency chirps
downward, it is suppressed due to the continuum damping. The mode transit from a TAE
(a gap mode) to a EPM (a non-perturbative mode) with a fixed frequency w = 0.05w 4.

As suggested in Ref. [51], the main physical mechanism for the downward chirping is
biased driving forces associated with the negative drift of the phase island in the KAM
surfaces. In the self-consistent CLT-K simulation, a tunnel induced downward chirping
frequency is established due to mode conversion between the two gap mode in the gap of the
alfvén continuum. In order to understand physical mechanism of the frequency downward
chirping and mode structure expansion, we investigate the dynamics of the d f structure in
the (E, P,) phase space. It is found in Fig. 8(a) that thedf structure of A = 0.50 at the
linear stage shows a clear hole-clump pair structure, which is very similar with previous

results both from the reduce model[19, 51| and the hybrid model|31]. Unlike non-separation
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Figure 7: n = 2 continuum spectrum, which is obtained from the NOVA code.

of hole-clump pairs in the reduced model[51], it is interestingly to note that at the nonlinear
stage the hole (blue) structure moves towards the smaller energy and larger P, region while
the clump (red) structure remains in the same location. We plot resonant lines in Fig. 8

using the same particle orbit frequency analysis method[19]. The resonant line in the phase
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Figure 8: Comparisons of the §f structure for A = 0.50 at different times (a)t = 1657w ", (b)t =

3015ch1 and (c) the free energy distribbution in the (E, P;) phase space.

space is determined by a constant phase 0= nwg — pwy — w, where wy, wy, n, p are the
toroidal orbit frequency, the poloidal orbit frequency, the toroidal mode number, and an
integer. The upward drift of the passing particle resonance line indicates that the mode
frequency decreases. It is known that free energy for the isotropic energetic particles is
related to the gradient of distribution functions: Y(E, P,;, A) o 0fy/0E + (n/w)0fo/0P;
and biased driving forces due to nonuniform distribution of the free energy can cause the
asynchronous separation of hole-clump pair[51]. We check free energy profile in the (£, Py)
phase space in Fig. 8(c). It is shown that the negative direction of the free energy gradient is
the same with the moving direction of holes. It should be noted that the similar phenomena
of resonance line motion in the phase space is also observed for the small Acases (such as
A =0.00,0.25), but it is more evident for A = 0.50 cases.

For the trapped particle resonance, its phase space structure is very different from the
passing particle’s , which is shown in Fig. 9(a) and (b). It is found that dominant p = 0
resonant structure is localized around the magnetic axis(large Py edge) at the early linear
stage. When system enters into the nonlinear stage, the trapped particle resonance moves
along the resonant line associated with the frequency downward chirping, meanwhile its
radial structure extends to the smaller P, region associated with mode structure expansion
outward in real space. Also, p = —1 resonance becomes more evident at the later nonlinear

stage. Like the A = 0.50 cases, the movement trapped particle resonances in phase space
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is also consistent with the negative direction of free energy gradient shown in Fig. 9(c). It
can be concluded that the expansion of mode structure during the transition form a TAE
to a EPM shown in Fig. 6 is mainly induced by nonlinear interaction between waves and

trapped particles.

V. CONCLUSION

A new hybrid kinetic-MHD code (CLT-K) is developed to study the EPM/TAE driven
by energetic particles, which is an extention of the original 3D toroidal MHD code (CLT)
by including the effect of wave-particle interaction. Benchmark studies on a n = 1 TAE for
both the linear and nonlinear phases have been carried out to validate our code.

For the case of a n = 2 single mode driven by isotropic energetic particles, frequency
downward chirping and contraction-expansion process of the mode structure have been ob-
served. At the linear and early nonlinear stage, the mode excited by energetic particles is
a TAE-type EPM since its frequency is located in the Alfvén continuum and the frequency
remains nearly unchanged. Then, a TAE is excited and gradually moves outward in the
radial direction with its frequency downward chirping. In the late stage of the simulation,
the TAE is suppressed due to the continuum damping and the mode becomes a energetic-
particle continuum mode with the fixed frequency. The hole structure of passing particles

resonances moves towards magnetic axis drive the frequency downward chirping while the
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extension of trapped particle resonances towards small Py regions in phase space drive the

mode transition from the TAE to the EPM.
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