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Abstract.

The properties of the low frequency shear Alfvén and acoustic wave spectra in
toroidal geometry are examined analytically and numerically considering wave particle
interactions with magnetically trapped and circulating particles, using the theoretical
model described in [Chavdarovski I and Zonca F 2009 Plasma Phys. Contr. Fusion
51 115001] and following the framework of the generalized fishbone-like dispersion re-
lation. Effects of trapped particles as well as diamagnetic effects on the frequencies
and damping rates of the beta-induced Alfvén eigenmodes (BAE), kinetic balooning
Modes (KBM) and beta-induced Alfvén-acoustic eigenmodes (BAAE) are discussed
and shown to be crucial to give a proper assessment of mode structure and stabil-
ity conditions. Present results also demonstrate the mutual coupling of these various
branches and suggest that frequency as well as mode polarization are crucial for their
identification on the basis of experimental evidence.
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1. Introduction

The low frequency spectrum of Alfvénic fluctuations in tokamak plasmas with |w| <
wa = va/qRy, where vy = B/y/4mp is the local Alfvén speed, o the plasma mass
density, g the safety factor and Ry the torus major radius, has been subject of intense
theoretical and experimental investigation since the discovery of the beta-induced
Alfvén eigenmodes (BAE) [3, 4] with frequency below the shear Alfvén continuous
spectrum. Experimental evidence exists [5, 6, 7, 8, 9] of modes belonging to both shear
Alfvén wave (SAW) and acoustic branches below the “BAE accumulation point” [10]
lw| < wpap = waan =~ quri(7/4 + T./T;)Y?, where wr; = vr;i/qRy is the thermal ion
transit frequency, vy; the thermal ion velocity and 7; . the ion and electron temperatures,
respectively. Observations in NSTX and JET also show the existence so-called beta
induced Alfvén acoustic eigenmodes (BAAE) [11, 12], with generally mixed Alfvén-
acoustic polarizations [11, 12, 13, 14, 15, 16] at frequencies wpaap ~ (T./T;)" *wr;.
Experimental evidence of BAAE is also reported in DIII-D [17] and HL-2A [18].

At frequencies lower than wpgap, various physics becomes important, such as
coupling of SAW with the slow magneto-acoustic wave (SMW) and resonant wave-
particle interaction due to both circulating as well as trapped thermal particles (ions
and electrons) in the long mean free path collisionless limit [19]. Because of this, the fluid
plasma description can be justified only for modes near the BAE accumulation point and
well above the ion transit frequency (|w| > wr;) [10], for which the ion Landau damping
becomes negligible. This is achieved for either ¢ > 1 or T, > T;, which is also the
necessary criterion for fluid plasma description of BAAE. In general, it has been shown
that validity of the fluid analysis is very limited [10, 20, 1, 21, 22, 23, 24] and kinetic
theory is generally needed to deal with the strong wave-particle resonant interactions
for BAEs [10, 25, 26, 27, 16, 28, 1], GAMs [29, 30, 31, 32] and BAAEs [23], including
diamagnetic effects in the case of BAEs [10, 26, 1, 2] and BAAEs. Kinetic analysis is also
necessary when going to even lower frequencies |w|<S wg; = (r/Ro)Y?(T;/mi) "%/ (qRy) ~
¢'2wr;, for which trapped thermal ion dynamics becomes crucial [20, 1, 21, 22]. Here,
wp; is the bounce frequency of deeply trapped ions between magnetic mirror points, r
is the radial flux coordinate, and € = r/ Ry is the tokamak local inverse aspect-ratio.

Fluctuations belonging to the low frequency SAW spectrum can be described by
one single and general “fishbone-like” dispersion relation in the form [33, 34, 35, 10]

iNw) = oWy + 6W), | (1)
which is based on the two scale-length of singular (inertial/kinetic) and regular (ideal
MHD) structures of the underlying fluctuations. Here, the left hand side (LHS)
is the inertial (kinetic) layer contribution due to thermal particles, while the right
hand side (RHS) comes from background MHD and thermal/energetic particle kinetic
contributions in the regular ideal regions.

Kinetic layer physics is dominated by thermal ions, while thermal electrons, due
to their small mass contribute mainly through trapped electron precessional motion
in toroidal direction. Similarly, thermal electrons contribute to §Wy via resonant as
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well as non-resonant responses mostly via their bounce averaged response. Bounce
averaged trapped ion dynamics contributes to 6W; as well and its effect may be of
crucial importance in determining the internal kink mode stability in ITER because of
ion Landau damping due to the precession resonance (w = wy;) [36]. Here, wys (for
s = e,1) are the toroidal precessional frequencies for electrons and ions; in particular,
Was = wpsmgv? /2T, for deeply trapped particles, where wps = (nq/r)Ts/msRowes and
wes = esB/mge. Treating wave-particle resonant interaction and SAW-SMW coupling
on the same footing shows that, for |w| < wp;, trapped thermal ion response is not only
important, but becomes dominant and ~¢~'/2 larger than that of circulating particles [1].
Hence, it is of crucial importance to include trapped thermal ion dynamics when deriving
the dispersion relation of SAW/SMW spectra in toroidal geometry [20, 1, 21, 22].

In this paper we strictly follow Ref. [1], where a simplified model for circulating
and trapped particles was applied, considering the former as well circulating with
constant parallel velocity along the field lines and the latter as deeply trapped; i.e.,
characterized by harmonic bounce motion between magnetic mirror points. In a separate
and more formal and general work, we will analyze the same problem considered here,
in which both circulating and trapped particles are treated in action angle variables,
with a realistic description of particle motion in the whole considered frequency range.
Here, we describe the structures of low frequency SAW continuous spectrum in low
tokamak plasmas (3 = 87 P/B2 ~ €2, with P the plasma pressure and By the toroidal
magnetic field on axis), taking into account both thermal plasma ion compressibility
and diamagnetic effects; thus, w = w.,; = (Tic/e;B*)(k x B) - VIn P, where w,,; is
the thermal plasma ion diamagnetic frequency. SAW/SMW coupling is treated on the
same footing of kinetic descriptions of both circulating as well as trapped particles,
while finite Larmor radius (FLR) and finite magnetic drift orbit width (FOW) effects
are neglected, but can be readily included in the present analysis [26, 25, 37]. For the
sake of simplicity, we also assume high poloidal mode numbers with kinetic singular
layer at kjgRo = 0 [10].

From the expression of A given in Ref. [1], it is difficult to visualize the effect of
trapped particle dynamics on the low frequency SAW continuous spectrum, due to its
complicated mathematical form. For this reason, in this paper we present numerical
studies of the previously derived analytic expression of A, with the aim of gaining
insights into the structures of the low frequency SAW continuous spectrum and of
discussing some of its important qualitative features due to trapped particles and
diamagnetic effects. In particular, we illustrate properties of frequency and polarization
of fluctuations existing in the SAW continuum frequency gaps, particularly BAEs,
BAAESs and kinetic balooning modes (KBM). Results discussed in this paper also include
kinetic effects on parallel electric field, mode polarization, frequency and damping rates
of BAAEs due to the coupling to KBMs. These findings help understanding the actual
nature of fluctuations observed experimentally at frequencies well below wgag; and
suggest that frequency as well as mode polarization are crucial for their identification
on the basis of experimental evidence.
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This paper is organized as follows. In section 2, we present the theoretical model
underlying our kinetic analysis of wave-particle interactions at low frequencies; and
summarize the derivation of A following strictly Refs. [1, 10] and including both
thermal electron and ion responses. Mode polarization properties are also discussed
in this section, introducing a frequency dependent complex function that may be used
to quantify SAW-SMW coupling and its impact on collisionless damping. Section 3
discusses the fluid limit of A and trapped particle as well as diamagnetic effects on
the BAE frequency. In section 4, we illustrate the very low frequency limit; and discuss
trapped particle and diamagnetic effects on KBM and BAAE modes, as well as effects of
their mutual coupling on fluctuation frequency and damping rates. Concluding remarks
are given in section 5.

2. Theoretical Model

The generalized fishbone-like dispersion relation (1) is based on the two scale-length
asymptotic matching of singular (inertial/kinetic) and regular (ideal MHD) structures
of plasma fluctuations. Kinetic layer is characterized by sharply varying radial
structure, whose properties are closely related to particle magnetic drifts interaction
with perpendicular and parallel electric field [38]. In this paper, we follow the derivation
of A from Ref. [1], where, for the sake of simplicity in the analysis of the inertial/kinetic
layer, all trapped particles are treated as deeply trapped (harmonic v between magnetic
mirror points) and all circulating particles as well circulating (constant v). We also
employ straight magnetic field line toroidal coordinates (r,d, (), with r the radial-like
flux coordinate, ¥ the poloidal angle and ¢ the generalized toroidal coordinate for which
qg=B-V(/B-Vi9=q(r), and the drift frequency can be written as

Wy :k~vd :_Z,U|Bg<b-VT><VI9U_|>2 (2)
9 9 we O b-VvV9 B)or’

since, in the inertial/kinetic layer, it is dominated by the radial magnetic drifts.

Here, vq, is the geodesic particle magnetic drift velocity, v the parallel (to B)
speed, w. = eB/(mc) the cyclotron frequency of a particle of charge e and mass
m,b = B/B,0/0l =b-V = (1/B)(Vy, x VI - V()0/09 and ¢, = 1,(r) is the
poloidal magnetic flux. The major contribution to perpendicular dynamics is due to
ions excursion in the radial direction. Meanwhile, parallel current is dominated by
electrons, which have significantly smaller mass than ions and behave as massless fluid
that, due to Eq. (2), ensures overall charge neutrality by sustaining a parallel electric
field with periodic (a.c.) structure along magnetic field lines [38]. Equation (2) also
implies that the flute-like (d.c.) component of the parallel electric field in the long
wavelength limit is set by bounce-averaged wave-particle interactions via precessional
resonance [1].

The model applied in Ref. [1] assumes a low 8 & €% axisymmetric tokamak plasma
equilibrium with shifted circular flux surfaces, where magnetic shear s = r¢’/q and
a = —Ryq?3 define a two-parameter set of plasma equilibria [39] and prime denotes
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derivation with respect to r. The plasma state is determined by three fluctuating
scalar fields [40, 41]: the scalar potential perturbation d¢, the perturbed parallel
magnetic field 0B) and the perturbed field ¢7), defined in terms of the parallel vector
potential as 04 = —i(c/w)b - Véyp. With these field variables, the perturbed parallel
electric field is given by 6 = —b- V(¢ — 0v) and the ideal magneto-hydrodynamic
(MHD) limit is recovered setting d¢ = dv, i.e 6E; = 0. The fluctuating parallel
magnetic field, dB), can be explicitly solved for and eliminated form the equations
assuming perpendicular pressure balance and substituting V B drift by curvature drift
in vg = b x k(uB + vj)/w. [38, 41], with & = b- Vb.

The field equations for d¢ and v are the vorticity equation and quasi-neutrality
condition [40, 41]. In the inertial/kinetic layer, such equations are readily written in
the “ballooning space”, where 9 is mapped into the extended poloidal angle 6 [39]; and,
in the long wavelength limit (neglecting finite ion Larmor radius with respect to the
radial mode wavelength), vorticity equation and quasi-neutrality condition are given by,
respectively [34, 10]

1k, w? Wapi kL a _
Bb-V {—k—b vaw} +—(1 ) 36 + 9600 =

Ua kz
4re
<k:2 wad15K> (3)
T;
(06 — 0y) = ——{0K; — 0K}, (4)
where ((... f dv(...) denotes integration in Veloc1ty space, b -V = (qRy) 10, Ry
is the tokamak major radlus /K% =1+ k2/k3 = 1+ (s — asinf)?, k. and ky are

radial and poloidal wave vectors, respectively, and 9(9) = cosf + [s0 — asinf]sinb.
Furthermore, for each particle species s = €, 1, Wips = Wans +Wars, Wins = (Lsc/esB)(k X
b) - V(ns)/ns,wirs = (Tse/esB)(k x b) - V(1) /Ty, ns is the particle density, T = T, /T;,
ne = n; = n and we assume only one thermal ion species with unit electric charge.

In the kinetic layer, the fields have a sharply varying radial structure with
k3 /k3 > 1 or, equivalently, s*|0]? > 1. For the optimal frequency ordering |kjjva =

wri = (2T; /mz)l/z/(qRo) and |s| = O(1), va being the Alfvén speed, one readily obtains
0] = O(B71/?) in the kinetic layer since |k|gRo & |0| = ~ /2 [10], with kj the parallel
(to b) wave vector. For large || = O(87'/?), the fluctuating fields show a two scale

behavior: they vary on a short scale 6 =~ 1 and on a long scale #; ~ O(3~/?). Although
this ordering is strictly derived for circulating particles, it can be readily extended to
include magnetically trapped particles, for which |0y/6;| < 1 still applies [1]. For
convenience [38], it is useful to adopt the rescaled fluctuating potentials 6® = (k, /kg)d¢
and 0¥ = (k, /kg)0, and represent them as asymptotic series in powers of 3'/%; e.g.,
60 = 50O + 50 + 50@ + .. where 1) = O(BY?), 6@ = O(p), etc.

Following Refs. [1] and [10], we easily show that 6¥(© = §¥©)(¢;) and ¥ = 0,
while, on the other hand, d® ~ §®©(0,) + §®,(6,)sinfy up to order B2, where
5®,(0y), 60© () and 0¥ () vary only on the long scale #;. One generally has
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0O (0,) ~ WO (), while 6®,(0,) ~ d®O(0)) for w ~ wWp; = ky(cT;)/(eBRy) (the
precessional frequency) and d®,(6;) ~ O(B3Y2)60©(0,) for w ~ wr; [1, 23].

Solving for the kinetic responses of thermal electrons and ions in the layer region,
it is possible to show [1]

(5(1)(0) = ]@(W/@Dhu}/wDe)(;\I/(o) R (5)
with GDC = _TwDi and
w o ow V2er (L(w/wp;) + 71 L(w/Wpe))
Iy | —, = =1+ (6)
Wpi Wpe 1+ TWani /W + V26T [1 — Wyni/w — M (w/@p;) — 77 1M (w/@pe)]
Here, € = /Ry,
(o) = 2 (- 3“*”){ v ()
WDi Wpi WDs WDj
weri |1 w w 3/2
- —+—+ = (7)
w |2 Wp; Wpi tz
and

() (D)

)
[Z%QL;ﬁ(;;)i(%) (S o

with Z(z) = 1/y/7 [~ e ~v*/(y — z)dy. The corresponding functions for trapped
electrons M (w/wp.) and L(w/wp,) are obtained from Eqs. (7) and (8) by substitution
WDis Wniy WaTi — Wpe, Wane, WiTe. Equation (5) shows that the d.c. component of
the parallel electric field, oc 6®©@ — §T® is connected with the existence of trapped

particles and the precessional resonance, since I — 1 for ¢ — 0. Furthermore, for
|w| > |Wpiel, |Wspie|, one can show M (w/Wp;) = (1 — wini/w) and L (w/@p;) — @Wpi/w;
thus, again, reducing Eq. (6) to I = 1.

The existence of finite d.c. parallel electric field is due to I; # 1 and, in the long
wavelength limit, it is due to the resonant wave-plasma interaction at trapped particle
precession frequency. In Fig. 1 we show real and imaginary parts of I, for different
frequencies, assuming wp, = —wp; and —wye = wy; = 0.2wp;. The figure shows that I
is generally not equal to 1, but for a large portion of the spectrum, i.e., when w > wr;,
the simplified expressions Relg ~ 1 and Im/g ~ 0 are reasonably good approximations.
In fact, for the parameters given in Fig. 1, around the frequency of BAE accumulation
point Iy ~ 0.989. For the same parameters we also have /4 = 1 when w — 0. However,
we, again, remind the reader that, in order to make a general statement about the value
of I, a treatment is required that includes correct particle motion and finite Larmor
radius effects. In the present approximative model, it is evident that the appearance
of finite d.c. parallel electric field is due to particle precessional resonance with both
thermal electrons and ions, w >~ wp,; accounted for by the plasma dispersion functions
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Figure 1. a.Values of Relg (upper line) and Imlg (bottom line) as functions of
Re(w/wp;) for fixed parameters w*m/wﬂ = Werifwrs = 0.2, Opi/wr; = 0.15/v/2,
q¢=15and 7 = 1; b. The ratio | §®© /6T | and c. The phase shift between §®(©)
and 00 for the same parameters.

in Eq. (6). This can be understood, since electrons and ions have Wp, = —7wp;. In this
way, electrons are not able to short circuit the d.c. parallel electric field if |w| ~ [@pe |-

The expression of I; is a function of precessional and diamagnetic frequencies
of thermal ions and electrons. Hence, in general, we can speak of precessional and
diamagnetic effects on the d.c. parallel electric field. Since d.c. parallel electric field also
exists due to the finite Larmor radius (FLR) effects [42, 43], for a complete the picture
one needs to consider both thermal ion FLR effects as well as precessional resonance
of both ions and electrons on the same footing.It is worthwhile noting that I has a
significant imaginary part (lower line of Fig. 1a), which in real space corresponds to a
phase shift between the perturbed 0® and 0¥ (see Fig. 1c), which is not case when only
FLR are considered. These effects will be studied and discussed in a separate work.

Further solving the quasineutrality condition for the sinusoidal term in the inertial
region we obtain [1]:

Ni(Z5) + AN (22) + V2ePy (22, 2
1+ 1+ Dy(22) + ADy (2 )+\/_[p1( wni

Wpi’ Wp;

6P, = — €60 (9)

P55
where Py (w/Wpi,wpi/wpi) and Py(w/Wpi, wpi/@Wp;) come from the trapped particles
dynamics and can be calculated as:

w? Wan 3 Wi Wy
P (w/Wpi,wpi/Wpi) = —2—— (1 — G Gyl ,
\(w/@ps, wsi /WD) N {( - + = 5, )Gy — - 4]
o - w Wen O WsT WsT
P iy i i) — —2 1— - G - G ;
5 (w/Wpi, wsi /Wpi) = {( - + 5 )Gy 6}
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and we have denoted

1 0 e T gh
G, = —— dr,
Y /oo (/B — 222 — (wpif@pi)2a®

for n = 24,6,8. Following Ref.[1], we adopt the definition 0P, =
S(w, Wps, wpi, wri ) 6O to indicate the relation in Eq. (9), while the G, integrals
become [1]

Wpi/wsi
Gy = 0 Z(0) — Qe Z(0
2= g, (Z) - BZ(B)]
_ Wpi/ws; 2 02 3 _ 03
Gy = L [ -0z i) - 3206)
w i/ WBi
Go = QD/ 2 [(1/2)(9 - 93) + 01 - 08+ 972() - 957()]
1+
w i/ WBi
Gs = Q?J/ré; [(3/4)(927 — Q3) + (1/2)(Q7 — Q3) + Q5 — QS + Q[Z() — QB Z(Q)]

with €, and Qs defined as

oot (BR)? 452 TR VA
Wps WpDi Wpi Wpi Wpi WD
0 = 5 and )y = 5
Furthermore, in Eq. (9), the functions
Di(z) =« (1 - "J*m) Z(x) — LTl + (22 — 1/2)Z(2)] (10)
w w
and
Nl(l‘) = Q(EDZ/CUTZ)N(QZ) s

with

“w") 2+ (1/2 4 2%) Z()] - =

N(z) = (1 .

come from the well circulating particles dynamics [10], whereas the functions AN (z)

[2(1/2 +2%) + (1/4+2MZ(z)] , (11)

and AD;(x) account for circulating particle dynamic modification due to finite trapped
particle fraction [1]:

T e T+ \/2€y Wani  WsTi 3
AD = — YIn| ———=—=) |1 — — ——|d 12
)=z [ (PR oo (B
_ Wpifwri [, (T4 2ey Wi Wi (03
AN, (z) = yp /0 ye ¥ In (—x e 1 — ., 3 dy . (13)

Here, the logarithmic term in the integrands is numerically calculated as In(z ++/2ey) —
In(x — /2ey) for ensuring proper analytic continuation [1].

Following Ref. [10, 1], the vorticity equation at second order in the asymptotic
expansion is reduced to the form (9%2/062)6W(® + A250(® = 0, where the general

expression of A? can be written as:
2

A2y = ;"—2 (1- ‘%”) + A2+ A2 (14)

cir tra >
A
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where A2, and AZ  are the circulating and trapped particles contributions with
2.2 2
wwgy; q _
Ay = =2t —=[Ps + (P — Ps)S(w, Wpi, wpi, wr 15
tra wz‘wQDZ\/Z[i’)—}_( 2 3) (WWD WB wT)] ( )
and

w 2 w

Py= -2 {(1—

The circulating particle term [10] contains the well circulating response and corrections
due to trapped particle fraction

T () () 2 e
w3 w wrj Wri W Wi
() 22 (0 (2) o () o]
Wi 4w, wr wri

which reduces to the well circulating particle response given by [10] in the € — 0 limit.
The functions within the brackets are [10]:

F(z) =z (2 +3/2) + (2" + 2* + 1/2) Z(z),
Glz) =z (2" +2°+2) + (2 +2%/2+ 2> + 3/4) Z(2), (16)
and AF(w/wr;) and AG(w/wr;) are given by [1]:

o0 / 2
AF(z) = 1 e~ Y1n T+ V2 y—dy :
/2 [y x—2ey) 4

1 < T+ 2ey\ 3> 3
A =— YIn| ——== )= (y—= . 1
G(x) 7r1/2/0 e n(x_ —26y> 7 =3 dy (18)

The final term of A in Eq. (14) contains transit frequency resonance at w = wyy

(17)

and combined bounce/precession resonance w = wp; + wp,. In fact, as noted above the
precessional resonance w = Wp; . in the kinetic layer only contributes to the d.c. parallel
electric field term o Iy defined in Eq. (6). Thus, besides the 7 = T./T; factor in the
quasi-neutrality equation, the o< I term is the only way electron dynamics affects the
kinetic layer, assuming negligible inertia. Note that Eq. (14), similarly to Eq. (6), is
valid up to O(e'/?) with respect to the leading order; and that higher order terms must
be neglected for consistency in the present asymptotic expansion.

The expression for A in Eq. (14) may be used in the general fishbone-like dispersion
relation, Eq. (1), for describing a variety of shear Alfvén modes in a wide frequency
range, from 0 to wpag. Note, however, that potentially important effects, such as
precession reversal and the contribution of barely trapped/circulating particles are not
included in Eq. (14). The accumulation points of the shear Alfvén continuous spectrum
are simply found by solving A = 0 with the complex frequency w as root. The complex
accumulation point frequency is indicative of the corresponding type of fluctuation that
may be reasonably expected, since all modes “emerge” from the accumulation points
for increasing values of 6W; and/or 6W, as it is readily recognized from Eq. (1) [44].
Specific examples are discussed below in sections 3 and 4.
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3. Fluid limit of A and BAE spectrum

Extensive studies of the effects of circulating ions on the BAE spectrum [10, 26, 27, 23]
enable us to elucidate the trapped particle influence on the high frequency spectrum
by observing the changes to the previous results when a trapped ion population is
introduced. In the high frequency limit, |w| > wy;, it was shown that the circulating
particle contribution reduces to [1, 10]
2 2

A(%”:—Z—iq %[(}w) —2@(2-}-7')} , (19)
where, for simplicity, the w.,/w — 0 limit is considered. The first term in the
brackets comes from F'(x) and accounts for well circulating particles [10], while the
x +/2¢ contribution comes from AF and describes the modified circulating particle
response only, since the S(w,@p;, wp;,wr;) function becomes independent of v/2¢ at
high frequency [1].

For the trapped particle term, we expand the final result in wg;/w — 0 and get:

3 2 2. (5
A?ra = __\/%M_QQQWTZ <_ + T) ) (20)
4 wy

w? \4
As stated above, the trapped particles effect is of order v/2e with respect to that of
circulating particles and cancels the o< v/2¢ terms in the circulating particle response at
high frequency. The combination of Egs. (19) and (20) into Eq. (14) gives accumulation
points at A = 0; i.e.,

7
wBAE = Equwr; (Z + T) ) (21)

which is the same result for the BAE accumulation point frequency as when only
well circulating particles are taken into account [10]. Both Eq. (21) and previous
analytical results [1, 2] indicate that BAE accumulation point frequency is not affected
by the presence of trapped particles at the lowest order in the trapped particle fraction
expansion. This means that trapped ion effects cancel out barely circulating ion response
up to order e. In other words, in this frequency limit we can treat the thermal plasma
as if it were composed of well circulating particles only. However, this assumption is
only valid for the approximate model adopted here, treating particles as either deeply
trapped or well circulating. When a proper treatment is used for the entire particle
population, barely trapped and barely circulating particles included, an order O(e'/?)
frequency shift is expected to appear, as it is argued in the following.

The cancelation of barely circulating and deeply trapped particle contributions can
be verified in Fig. 2, where the real (ReA?) and imaginary part (ImA?) of A are plotted
against the real part of the frequency w normalized to wyp;, for the cases with only
circulating particles (presented with full circles for real and empty circles for imaginary)
and the case when trapped particles are included (full and empty squares, analogously).
In all cases in this paper, unless otherwise specified, we will take ¢ = 1.5, 7 = 1 and
v3; /vy = 0.01. In a previous work [1], a numerical calculation of the analytic dispersion
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Figure 2. Values of ReA? (¢ = 0 full circles; € = 0.1 full squares) and ImA? (e = 0
open circles; € = 0.1 open squares) are shown vs. Re(w/wr;) for fixed parameters
Opi/wri = 0.15/v/2, ¢ = 1.5, T = 1, 0i = Wari/Wani = 1 and a. Q= wWepi/wr; = 0.2
and b. Q. =0.5.

relation was presented, based on an inaccurate complex root finding routine, the result
of which was a significant shift of the curves in the high frequency regime (see Fig.1 of
that paper). The improved numerical assessment, shown here, corrects that inaccuracy
and demonstrates the cancelation of trapped and circulating particle responses up to
order ¢, as predicted by Eqgs. (19) and (20). In Fig. 2, the values of A are almost
identical with and without trapped particles as implied by Eq. (21) and Ref [1, 2] for
large frequencies (w > wr;); and, hence, the BAE accumulation point A = 0 is not
affected by the trapped particle population. This conclusion is also valid for GAM, due
to the degeneracy of BAE and GAM spectra in the long wavelength limit (A = 0 and
wipi = 0) [38, 45, 44, 46, 47].

The difference in the shear Alfvén continuous spectrum, due to trapped particles,
becomes significant at low frequency (w < wpag), as it is shown in Fig. 2. This
difference becomes even more evident with stronger diamagnetic effects (see Fig. 2b),
when the same plots are made for Q, = w,;/wr; = 0.5 instead of Q,,; = 0.2. We
note, again, that the plots are almost identical at high frequency, but the behavior at
low frequency is significantly affected by the precession-bounce resonance with trapped
thermal ions. In Fig. 2b, it is evident that at the high frequency accumulation point,
where ReA? crosses zero with positive slope and negative ImA?2, the accumulation point
itself has a positive imaginary part, as noted in [10], due to finite thermal gradient
effects coming from 7, = w.ri/wsi = 1. The existence of an unstable accumulation
point in the shear Alfvén continuous spectrum is not an issue as, in one e-folding
time, the corresponding fluctuating field develops fine scale lengths, where finite ion
Larmor radius and finite magnetic orbit width play important role [10]. Then, either
the continuous spectrum is discretized and the short wavelength mode becomes a kinetic
BAE [26, 48], or a discrete Alfvénic ion temperature gradient driven mode (AITG) is
formed in the BAE frequency gap in the shear Alfvén continuum [27, 38, 44|, provided
that (5Wf + RedWy, < 0 in the general “fishbone-like” dispersion relation, Eq. 1. The
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Figure 3. a.The real part of accumulation frequency of BAE spectrum shown vs. €
for three values of Q. = Wini/wri = wiri/wri = 0, 0.2 and 0.5 and fixed parameters
©Opi/wri; = 0.15/4/2, ¢ = 1.5, 7 = 1; b.The imaginary part of the of accumulation
frequency of BAE for the same parameters.

lower frequency counterpart of AITG is the kinetic ballooning mode (KBM) branch
modified by wave-particle resonances, for which trapped particle effects are crucially
important, as shown in Fig. 2b. For sufficiently short wavelength, such that the
thermal ion diamagnetic drift is much larger than the thermal ion transit frequency
(|wapi] > wr;), this branch connects to the usual KBM branch [49], discussed in the
literature since the early 1980s.

In Fig. 3 the accumulation point of the BAE spectrum is shown against €, i.e.,
against increasing trapped ion population, for different values of 2,. In all cases, the
BAE frequency is un-affected by the change of €, in agreement with Eq. (21). On
the other hand, numerical simulation results by the LIGKA code [21, 22] used for
analyzing BAFE excited by ICRH energetic ions tails in AUG, show significant lowering
of the BAE frequency due to trapped particle population. Thus, we reasonably deduce
that this O(¢'/?) frequency shift is predominantly due to barely trapped/circulating
particle population. Meanwhile, the fact that barely trapped particle dynamics may
be significantly affected by collisions, depending on the collisionality regime, suggests
that the trapped particle induced O(e'/?) shift of the BAE frequency should depend
on plasma collisionality, and, hence, that BAE/GAM frequency shift should depend on
plasma density. This issue will be dealt with in a more detailed study of the BAE/GAM
frequency spectrum using action-angle formulation for the analysis of general particle
motions.

The fact that the O(e'/?) shift is not coming from the diamagnetic effects can
be seen from Fig. 4, where the real and imaginary parts of BAE accumulation point
are given against (), for two different values of n; = 0 and 1. The lines with squares
represent the expressions with trapped particles included (¢ = 0.1), the full line with
circulating particles only (e = 0), while the dashed line shows w.,; = wini + wiri. The
line with crosses, shows existence of another solution to the BAE dispersion relation,
which typically has a large negative imaginary part as in the case of many further
solutions to the dispersion relation due to the transcendental nature of the Z function.
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Figure 4. The real and imaginary part of accumulation frequency of BAE spectrum
shown vs. Q. = wWipi/wr; for fixed parameters wp; /wr; = 0.15/v/2, ¢ = 1.5, 7 = 1.5;
with n; = 0 (Figures a and c¢), and 7; = 1 (Figures b and d). Circulating particles only
e = 0 (full line), trapped ions included € = 0.1 (presented with squares). The dashed
line is wiypi/wri, and the line with crosses is a second BAE branch.

In Fig 4a it is evident that there is no significant difference between the real BAE
frequency (squares) calculated with and without circulating particles, and in both cases
the frequency slightly drops with the increase of €2,. Fig 4.b, meanwhile, shows non-
negligible difference in the imaginary frequencies when trapped particles are included.
This effect is, however, due to the diminished Landau damping by circulating particles,
and it does not imply a destabilizing role of trapped particles. On the other hand it does
imply that a calculation of the threshold of the excitation of the Alfvénic ion temperature
gradient driven branch [10, 26, 27|, should take in consideration the trapped ions, even
at high frequency. The BAE branch shown with crosses has significantly higher damping
rate than the BAE mode, with imaginary frequency well below the ones shown in 4b. In
Fig. 4c and d, where significant temperature gradient is given by n; = 1, for both cases
with and without trapped particles the BAE frequency initially drops with increasing
Q,, but then it starts to grow to a certain level, due to the strong coupling to the KBM
spectrum (read [10] for more details). The imaginary parts of BAE frequency (Fig
4.d) in some regions shows slightly more destabilizing effects when trapped particles are
present.

Investigation of different values for the parameters shows that the BAE solution
presented with crosses is much more damped then the typical BAE mode (Fig 4c.d),
and it would be hardly observable in experiments or simulations. However, in some
special cases (take for example 7 = 1,7, = 1 and €, > 2.5) the two BAE branches
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are so close to each other that they become degenerate and the BAE mode frequency
starts to deviate from the solution predicted by the well circulating particle response
[10]. Since these effects are typically small, we can conclude that generally there’s no
significant effect of the trapped particle presence on the real BAE frequency. Meanwhile
some of the stability properties are modified, and we expect more significant changes
with a proper treatment for barely trapped particles, especially for modes driven by a
strong thermal ion gradient.

4. Low frequency regime and gap modes

The importance of trapped particle dynamics for low frequency fluctuations was pointed
out in Ref. [1, 2], by taking the |w| < wpg; limit of Eq. (14) yielding:

2 ; 15
NIy = =5 (1= 22 (14 V202 4 0.5¢° 22
/T g ) (14 gv2ete 057 ) (22)
with Iy =~ 1. The (15/16)v/2¢%¢ /2 factor in this equation comes from both

~1/2 and from circulating particle

trapped particles response, accounting for (3/4)v/2¢%
corrections near the trapped to passing boundary, accounting for (3/16)v/2¢% /2.
Meanwhile, the 0.5¢? is the well circulating particles contribution [10]. Trapped particle
contribution is dominant at low frequency and is O(e~'/2) > 1 larger than that of well
circulating particles.

Equation 22 can be compared with the inertia enhancement [10, 46] given by the
generalized form of A for |w| < wp; = (1) Ro)Y ?wr;:

2

A2 = L‘j—i (1 . ”;’”) + AI] , (23)

o W2 Wipi\ [ Ro 1/2 r
Al =¢®— (1 - =2 — — 24
qwi( w)(r) f(Ro)’ (24)

where f(r/Ry) = 1.6 + 0.5(r/Ry)"/?, when terms up to order (r/Rg)'/? are kept [46].
The result is identical to the low frequency MHD result by Graves and Hastie [50]:

o, W Wipi 2 —1/2 2
A:—(l— w)(1+1.6qe +0.5¢%) . (25)

with

2
Wi

Note that the structure of Eq. (23) is the same as that involved in the ZF
polarizability [51, 52], as expected. The approximate treatment of the particles as
deeply trapped/well circulating causes the difference between the factors 1.6 and
(15/16)v/2 ~ 1.3 in Eqgs. (22) and (25). Taking into account the exact bounce/transit
motion of particles produces elliptic integrals in the velocity space and gives the same
result as Ref. [50], while Eq. 22 can be directly obtained from the exact expression
assuming small argument expansion for elliptic integrals (see [1] for details and [53] for
a recent discussion of particle motions in general tokamak equilibria). The term /g in
Eq. (22) acts as additional inertia enhancement related to the response of low frequency
perturbations to precessional motion of electrons and ions.
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Figure 5. KBM (squares) and BAAE (crosses) accumulation point vs. 7; = wari/Wani
for different values of €2, and fixed parameters @p; /wr; = 0.15/v/2, ¢ = 1.5 and 7 = 1;
Real part of the frequency (Figures a and b); Imaginary part (Figures ¢ and d). Dashed
lines w.pi/wri; Solid line- circulating particles only KBM accumulation point.

Trapped particles response is dominant at frequencies well below wpap (Wpe; <
wp; € wr; < wpag). This can be demonstrated by studying trapped particle effects on
kinetic balooning modes (KBMs) which, for moderate mode numbers and not so steep
temperature and density profiles, have a typical frequency located inside the BAE gap.
Our analysis, again, should be considered qualitative due to the model of deeply trapped
particles adopted here. The real part of accumulation point frequencies of KBM and
so called beta induced Alfvén acoustic Eigenmode (BAAE) are shown in Fig. 5a and b
VS. 1) = Wari/Wan; for two different values of Q. = wip;/wr;, while the corresponding
imaginary parts are shown in Fig. 5¢ and d. The dashed line represents w,,;/wr;, the
solid red line is KBM frequency when only circulating particles are considered, and the
blue line with squares is KBM frequency when trapped particles are included. The
results show that for n; = 0 the KBM accumulation point is the same with and without
trapped particles, but for increasing 7); the lines deviate from w.,; /wr;; and the presence
of trapped particles shifts the frequency upward for €2, = 0.5 and downward for €2, = 0.2
(see also Ref. [2]). These different behaviors are clearly due to the intersection or not
of the two branches (green with crosses and blue with squares; i.e., KBM) in complex
frequency space, with €, as control parameter [10].

In Fig. 5, the second branch marked with green crosses corresponds to the BAAE
in the limit of small diamagnetic effects. BAAE is one of the branches of low frequency
ideal MHD equations for toroidal plasmas with finite compressibility [54, 11]. It is a
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Figure 6. KBM (squares) and BAAE (crosses) vs 2, for fixed parameters wp; /wr; =
0.15/4/2, ¢ = 1.5 and 7 = 1; Real part of the frequency (Figures a and b); Imaginary
part (Figures ¢ and d). Dashed lines represent w,,;/wr;. KBM with circulating
particles only - solid line.

mode of mixed Alfvénic-acoustic polarization with frequency w ~ wr; and at the lowest
order, it can be viewed as toroidal sideband of the electrostatic drift wave [23]. Thus,
it can be found in the kinetic model of low frequency Alfvén spectrum in the limit
where the denominator in Eq. (9) tends to zero, or equivalently, when 6®, ~ §®© or
even larger. Generally, in the present work we define BAAE as the solution of dispersion
relations with large values for |S| > 3'/2 (= O(1)) in Eq. (9) that, recalling 6®©® = §¥(©
and 0¥ = 0, causes a significant parallel electric field due to the high value of §®,.
Figures ba and ¢, show that the KBM spectrum (blue squares) is strongly coupled with
the BAAE (green crosses). Meanwhile, Figures 5a through d suggest that KBM-BAAE
coupling is due to diamagnetic effects, as trapped particle response, responsible for the
deviation of the solid red line from the blue line with squares, is clearly not crucial.
The same figures also show that when diamagnetic effects are negligible, the BAAE
is heavily damped, as expected [23], but the picture may change when significant ion
temperature gradient is present. These results suggest the crucial role that n; may play
in determining the necessary conditions under which BAAE, or modified DW in the
more rigorous definition introduced above, can be excited by energetic particle drive.
In Fig. 6, the KBM and BAAE frequencies are given vs. (2, for two values of
n; = 0.5 and 1. In both cases, we find that KBM plots with (squares) and without
(solid line) trapped particles are close to each other and to the w,y; line for small €,,
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with the trapped particles shifting the frequency significantly upward as {2, increases.
Plots with smaller values of n; (n; < 0.25, not shown in the figure; see Ref. [2]), show
no difference between the spectra with and without trapped particles. In Fig. 6, again,
we notice that the KBM spectrum is coupled with the BAAE branch; and the real
frequency with trapped particles starts to deviate from the full line in the region of
relatively small values of Q.. The imaginary parts of the frequencies (Fig 6¢ and d),
show that trapped particles can increase or decrease the mode damping, depending on
the values of €0, and 7;. For increasing diamagnetic effects both KBM lines with and
without trapped particle reach a pick and then decrease with growing 2., due to the
coupling with the BAE spectrum around €2, ~ 0.5 located above the KBM spectrum
(compare to Fig. 4b and Ref. [10]).

The values of |S| are given in Fig. 7 for the modes discussed so far. In all cases,
BAE (both branches) has small values for |S|S 0.1, while BAAE has generally large
(~ O(1)) values. The simultaneous change of the |S| function for BAAE and KBM
suggests that the coupling between these two branches, discussed above, is also related
to the parallel electric field due to d®,. In Fig. 7c, however, which corresponds to the
parameters in Fig. 5b and d, the KBM value for |S| becomes larger than that of BAAE
when going to high 7;. For this parameter set, the real part of BAAE frequency is
following €2,, while both modes have similar damping rate, the BAAE being slightly
more damped than KBM. Thus, these branches would be experimentally identified
the other way around (the BAAE as KBM and the KBM as BAAE). Although our
classification of low frequency modes is just one among all possible choices, it is based
on analytic continuation and mode polarization; and, in this specific case of Fig. 5b and
d and Fig. 7c, is quite straightforward.

In conclusion, trapped particle response has significant impact on the properties of
the low frequency modes (KBM and BAAE); and even with the approximate model of
deeply trapped particles we can provide detailed descriptions of mode characteristics, as
well as produce new findings concerning their mutual interaction due to finite parallel
electric field and diamagnetic effects, especially in the presence of finite ion temperature
gradient.
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5. Conclusions and discussion

We have examined the low frequency shear Alfvén and acoustic wave spectra in toroidal
geometry, taking into account wave-particle interactions with magnetically trapped and
circulating particles, following the framework of the generalized fishbone-like dispersion
relation. Numerical solutions for the accumulation point frequency (A = 0) of the
shear Alfvén continuum show the possibility of co-existence of multiple solutions of the
dispersion relation, i.e., multiple branches of the same Beta-induced Alfvén Eigenmode.
This is generally not an issue as far as identification of experimentally observed modes
are concerned, since multiple modes are typically affected by strong damping. This
feature is a consequence to be expected of the transcendental character of the low-
frequency dispersion function accounting for wave-particle resonances with thermal
plasma species. Effects of trapped particles are shown to be important for proper
description of low frequency modes, such as, kinetic balooning modes and beta-induced
Alfvén-acoustic eigenmodes, which proves that kinetic theory is necessary for the proper
treatment of mode structures and stability conditions at frequency of the order of or
lower than the thermal ion transit frequency wy;. The mutual coupling of low frequency
KBMs and BAAEs has strong effect on the real frequency and damping rate of both
modes, which is of particular interest for identification of scenarios in which otherwise
heavily damped BAAE modes, could be excited by energetic particles and/or thermal
plasma gradients. For some plasma parameters, the two modes be strongly coupled,
which means there could be a smooth transition from KBM to BAAE and vice-versa.
This interplay of different low-frequency fluctuation branches has important implications
on a number of kinetic stability problems as well as long time scale plasma behaviors,
since realistic tokamak plasmas are characterized by complex behaviors due to the
mutual interactions of SAW, MHD and Drift Wave Turbulence (DWT) [55, 56].
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