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The two-field equations governing fully nonlinear dynamics of the drift wave (DW) and geodesic
acoustic mode (GAM) in the toroidal geometry are derived in nonlinear gyrokinetic framework.
Two stages with distinctive features are identified and analyzed. In the linear growth stage, the
set of nonlinear equations can be reduced to the intensively studied parametric decay instability
(PDI), accounting for the spontaneous resonant excitation of GAM by DW. The main results of
previous works on spontaneous GAM excitation, e.g., the much enhanced GAM group velocity
and the nonlinear growth rate of GAM, are reproduced from numerical solution of the two-field
equations. In the fully nonlinear stage, soliton structures are observed to form due to the balancing
of the self-trapping effect by the spontaneously excited GAM and kinetic dispersiveness of DW.
The soliton structures enhance turbulence spreading from DW linearly unstable to stable region,
exhibiting convective propagation instead of typical linear dispersive process, and is thus, expected
to induce core-edge interaction and nonlocal transport.

I. INTRODUCTION

Anomalous particle and energy transport in magnet-
ically confined fusion devices, generally accepted to be
triggered by pressure gradient-driven drift wave (DW)
turbulence [1], is one of the major channels for thermal
plasma transport, and, degradation of plasma confine-
ment. The size scaling of turbulence transport rate is in-
tensively studied, however, has not yet been completely
understood. The size scaling of turbulent transport ob-
tained from numerical simulations could be significantly
different from theoretical expectation, possibly owing to,
e.g., the nonlocality of transport originate from turbu-
lence spreading [2]. More specifically, the understanding
of the mechanism for the turbulence spreading from lin-
early unstable to stable region is of fundamental signifi-
cance, which may be responsible for the transition from
gyro-Bohm scaling to Bohm scaling and core-edge inter-
action [3].

Radial  turbulence spreading due to  the
toroidal/nonlinear mode coupling was proposed in
Ref. [4]. Ref. [5] took a step further, and adopted a
nonlinear reaction-diffusion equation for the turbulence
intensity to investigate a turbulence propagation front
radially spreads from linearly unstable to the stable
region with the linear growth and damping rates being
the reaction terms, and the nonlinear scattering term
being the diffusion term. Despite of the simplified
model adopted, the study indicated that the turbulence
spreading contribute to the nonlocality of transport, i.e.,
the turbulence intensity can depend on the equilibrium
plasma parameters of a distant region, resulting in
change of the size scaling of the turbulence intensity and
the associated transport. Therefore, the microscopic
diffusive turbulence transport may be intermediated by
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the meso-scale turbulence spreading process.

On the other hand, spontaneous excitation of zonal
field structures (ZFSs) [6] including typically electrostat-
ic zonal flows (ZFs), is a significant component of DW
nonlinear dynamics. ZFs correspond to mesoscale ra-
dial electric field perturbation with toroidally symmet-
ric (n = 0) and predominantly poloidally symmetric
(m = 0) mode structures, and consist of zero-frequency
ZF (ZFZF) [7-9] and its finite frequency counterpart,
geodesic acoustic mode (GAM) [10, 11]. Here, n/m are
the toroidal and poloidal mode numbers of the torus. It
is observed in experiments [12-16] and numerical simu-
lations [7, 17, 18] that ZF's can be spontaneously excited
by DW turbulence including drift Alfvén waves (DAWs)
and can, in turn, suppress DW turbulence and the as-
sociated transport by scattering DW/DAW into stable
short radial wavelength domain.

In the existing theoretical investigation, spontaneous
excitation of ZFZF/GAM by DW have been studied in
the framework of modulational instability [8] or paramet-
ric decay instability (PDI) [11], by separating DW into
pump wave with fixed amplitude and its sidebands with
much smaller amplitudes, and focus on the proof of prin-
ciple demonstration of ZFZF/GAM excitation by investi-
gating the “linear” growth stage of the nonlinear process
[8, 11, 19], while the feedback of the small amplitude
sidebands to the pump DW is systematically neglected.
This approach, based on separating the DW into pump
and small amplitude sidebands, is no longer valid as the
amplitudes of the DW sidebands become comparable to
that of the pump wave, i.e., in the “saturated” phase
as the “pump” DW is significantly modulated by ZFs. A
step forward was made in Ref. [20] where the feedback of
DW sidebands and ZFZF to the pump DW is considered
to investigate the pump DW saturation and turbulence
spreading. The analysis in Ref. [20] focused on ZFZF in-
duced single-n DW spreading, also embeds the concept of
tertiary instability [21], which was later extensively stud-
ied in, e.g., Ref. [22]. Key physics such as higher harmon-



ic generation, however, might still be missing [23], which
may affect the long time scale dynamics and quantitative
saturation level [20]. A two-field model without separat-
ing DW into pump and sidebands was thus constructed
to investigate the long time scale nonlinear evolution of
DW-ZFZF system in the slab geometry [24], and it was
found that coherent soliton structure was formed, lead-
ing to enhanced turbulence spreading. It is worth noting
that the soliton structures could also be important for the
turbulence spreading due to GAM excitation [11, 19], be-
cause the GAM and DW sideband generated during the
PDI (the early stage of the nonlinear process) were al-
so shown to couple together and propagate radially due
to finite DW/GAM linear group velocities [19, 25], but
the coupled DW-GAM wave-packet would quickly decou-
ple after propagating out of the pump wave localization
region [19]. On the contrary, the soliton structures are
characterized by the DW self-trapping, to preserve the
shape and amplitude of DW-GAM wave-packet during
propagation, and is thus expected to enhance turbulence
spreading.

Consequently, in this work, the coupled two-field DW-
GAM equations are derived in the nonlinear gyrokinetic
framework with the DW being treated as a whole. The
two-field equations thus include all the necessary ingre-
dients of the coupled DW-GAM system and will be anal-
ysed in this work to elucidate this potential mechanism
for turbulence spreading. Two phases with distinctive
features in the nonlinear process are observed and ana-
lyzed, both analytically and numerically. First, in the
early stage of nonlinear evolution, by separating the DW
into pump wave and lower sideband, we show that the
two-field model can be reduced to the intensively stud-
ied PDI model [11, 19, 26]. Second, in the later phase,
the soliton structures form as nonlinear coupling induced
by the spontaneously excited GAM balances DW kinetic
dispersiveness, i.e., DW self-trapping. The nonlinearly
generated soliton structures convectively propagate into
a much broader radial extent with r ~ ¢, rather than
the typical linear dispersiveness with r ~ /¢, which may
contribute to the nonlocal transport and core-edge inter-
play. Finally, this work offers new insights and tools into
understanding fully nonlinear DW-GAM dynamics.

The rest of the paper is organized as follows. The two-
field equations describing nonlinear interaction of DW
and GAM are derived in section II. In section III, the re-
duction of the DW-GAM two-field model in the “linear”
growth stage to the intensively studied PDI is present-
ed, both analytically and numerically. We present the
major analysis and results of the two-field model in the
fully nonlinear stage in section IV. Finally, a summary
and discussion of the implication of the DW-GAM soli-
ton structures to the turbulence spreading are given in
the section V.

II. THEORETICAL MODEL

The derivation of the two-field model for DW-GAM
nonlinear interaction follows closely Refs. [19, 20] and
[24]. For simplicity of discussion while focusing on the
main physics, it is assumed that the DW and GAM
are electrostatic fluctuations, satisfying proximity to
marginal stability, i.e., |y /w| < 1, such that the parallel
mode structure of DW is not disturbed in the nonlinear
envelope modulation process. Besides, each fluctuation
is composed of a single n # 0 DW and GAM with n =
m = 0 scalar potential perturbation. This corresponds to
assuming finite but small 7k,.p;, with 7 = T, /T; and k,p;
being the radial wavenumber k, normalized to thermal
ion Larmor radius p; = vy /we;, where vy, = /215 /my
is the thermal velocity and w. s = esB/(msc) is the cy-
clotron frequency for species s. Inclusion of secondary
m # 0 poloidal harmonics of GAM scalar potential is
straightforward [27, 28], and will not affect the main re-
sults of the analysis. To analyze the fully nonlinear dy-
namics, we need to keep DW as a whole, instead of sepa-
rating into fixed amplitude pump and lower sideband, as
typically assumed in deriving the PDI dispersion relation
[11]. The fluctuations can be expressed as

Spg = Agetwat=ing Z eimeéo(nq —m)+ c.c.,

m

0o = AGe_int + c.c.,

where subscripts “d” and “G” denote quantities asso-
ciated with DW and GAM, respectively. Furthermore,
Ay and Ag are the radial envelopes of DW and GAM,
and ®g(ng — m) represents the fine radial structure of
DW due to finite kj, with & = (ng —m)/qR being the
parallel wavenumber. For simplicity of discussion while
focusing on the main scope of the paper, a large aspec-
t ratio axisymmetric tokamak with magnetic field given
by B = Byle¢/(1 + ecosf) + eeg/q] is considered, where
€ = r/R < 1 is the inverse aspect ratio, R and r are
major and minor radii of the tokamak, respectively. Par-
ticle response of species s consists of adiabatic response
es0¢Fy s/Ts and nonadiabatic response 0Hy, s, with Fy g
being the equilibrium distribution function and the sub-
script “k” representing “d” or “G”. Low frequency fluc-
tuations, such as DW and GAM of interest here, can be
investigated using the nonlinear gyrokinetic equation [29]
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Here, Jo(kiprs) is the Bessel function of zero-index
representing finite Larmor radius effect (FLR), w. s =
kocTs(1 + ns(v?/vd, —3/2))/(esBLy,) is the diamagnetic
frequency accounting for plasma nonuniformity in radial
direction and wp,s = k - (B x VB/B?)(v} /2 + v) /we,s
is the magnetic drift frequency, where pr s = v /we s 1S
the Larmor radius, ns = L, /L7 s is the ratio of the char-
acteristic length of density variation L1 = —01In(n)/dr



and temperature variation Lils = —0In(T,)/0r. The
last term is the formal nonlinear term, with Alﬁ/7k// =
(¢/Bo) Y y—i 4w b (K’ x K') indicating selection rule for
mode-mode coupling, and other notations are standard.
The nonlinear DW-GAM governing equation can be
obtained from the charge quasi-neutrality condition

2N, T;
eT_ 0 (1 + T) dpp = (edH;Jo), + (edHe),, (2)

with the angular bracket indicating velocity space inte-
gration. Separating the nonadiabatic response into linear
and nonlinear components by taking §H = §HL +5HNT,
and noting the w > wy, ;,wp ; ordering is typically satis-
fied for both GAM and DW, with wy,; = vy;/(gR) being
the ion transit frequency,the governing equation for non-
linear DW-GAM system [20] can be readily cast into

e2N, T;
T 0 (1 + Te> O — <65HiLJ0>k + <66H€L>k
. €
e <At’,k”5He,k”5¢k'>k = (edHXE),

e

—Z;k <All:/7k// (Jk,c]k/ - r]k;”) 5Hi,k‘”5¢k/> . (3>

The terms on the left-hand side are the formally linear
terms giving the linear dispersion relation, while the non-
linear terms are placed on the right-hand side.

For the nonlinear DW equation, the first term on the
RHS of Eq. (3) dominates, because the vanishing 6H, 4
and finite 0H, ¢ avoid commutative cancellation. The
second term on the RHS from nonlinear electron re-
sponse, is vanishingly small due to the w < kv . order-
ing for electron response to DW. In addition, the third
term on the RHS with finite contribution from FLR ef-
fects, is typically O(k2p?) smaller compared to the first
term. Therefore, the nonlinear DW equation can be de-
rived as

7AdEG7 (4)

where D is the linear DW dispersion relation defined by

T,  JTJoSHF
Te N()e ’

and Eg = 0, Ag is related to the electric field of GAM.

Similarly, for the nonlinear GAM equation, the first
term on the RHS of Eq. (3) vanishes since dH, 4 = 0.
The second term due to nonlinear electron response to
GAM, has no contribution due to §H, 4 = 0, correspond-
ing to no source term in the nonlinear gyrokinetic equa-
tion for nonlinear electron response to GAM. The third
term on the RHS of Eq. (3) can be rewritten as

DdEl—F
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The first term in the above formula dominates over the
second by O(1/(k? p?)) [20]. Consequently, the nonlinear
GAM equation can be readily derived as

Ckg

wégEq = —0 (Aq0?A; —c.c). (5)
0

Here, & is the linear GAM dispersion relation defined
by
T <TiJ06HiLG > <E6H6LG >
e=1+——(—= )+ (—7),
T, Noedpa Noedoa

and «; is an order unity coefficient [8]. Note that contri-
bution of energetic particles can be formally included in
&a, to account for the nonlinear interaction of energetic
particle induced GAM (EGAM) [30-32] with DW, which
was proposed as an active control method for DW turbu-
lence [28] and is under investigation [33, 34]. However,
in this work, effects of energetic particles will not be in-
cluded, to focus on the nonlinear interaction of DW with
GAM. Following this strategy, a simplified expression for
the electron DW dispersion relation with quadratic dis-
persiveness is assumed as wDy = w — wy + de*kfpf,
while the GAM dispersion relation is &g = —1+w2 /w?+
Cowék?p? Jw? [27), with w, = kecT;/(eBL,) being the
ion diamagnetic frequency. Substituting the linear dis-
persion relations into Eqs. (4) and (5), the coupled

nonlinear DW-GAM two-field equations can be formally
written as

(O + va + iwi(r) + iCawsp?0?) Ag =
(8? + 2v¢0: + w% - ngépfaf) Ea

= ioq@(?t (Ad(?fA;; - c.c.) . (7)
By

Here, Cy and Cg are originated from the kinetic dis-
persiveness effects of DW and GAM, as derived in Refs.
[35] and [27], respectively. Furthermore, 74 and g are
the linear growth/damping rates of DW and GAM, re-
spectively. The RHS of the two-field equations are the
nonlinear terms, indicating the modulation of DW enve-
lope by GAM, and spontaneous excitation of GAM by
Reynolds stress from DW nonlinearity. For clarity of
discussion, the linear growth/damping rates 4, 7o and
system nonuniformity (dependence of w,(r) on r) are ne-
glected in the following analysis, to focus on the nonlin-
ear interaction process. The analytical solution of the
coupled DW-GAM two-field equations can be obtained
in some limited cases, however, the equations are mainly
solved numerically in the rest of the present work, which
can also provide necessary clues for theoretical treatmen-
t, as presented in the following. For the convenience of
numerical investigation, space and time can be normal-
ized to p; and w; !, respectively, i.e., r — 7/p;, t — wit,
k. — krpi, w = w/ws, and Ay and Eg are normalized
to e/T,. Thus, the normalized DW-GAM two field equa-



tions can be cast into

(Op +i+1iCy02) Ag = —iloAaEq, (8)
2 2
(a,? +28 - c&‘f;ag) Eq
= 30,790, (AdafAZ — c.c.) . (9)

Here, I'y = (T;/e)cky/(Bopiws) = Ln/(2p;) is the non-
linear coupling coefficient. Note that I'y is related to
pi/Ln ~ pi/a = px, i.e., turbulence intensity size scaling.

In particular, the numerical scheme used is spectral
method, which is accomplished by Fourier transformation
in radial direction and formal forth order Runge-Kutta
method to advance in time. The nonlinear terms, treated
as convolution sum for formal spectral method, are oth-
erwise multiplied in physical space and transformed back
to Fourier space in this work to save computing pow-
er. This method is the so called pesudospectral method.
Finally, we adopt the outgoing boundary condition to
avoid un-physical reflections back to the computation re-
gion, by imposing an artificial dissipation layer near the
boundary.

III. REDUCTION TO THE THREE-WAVE
INTERACTION

There are two phases with distinctive features in the
nonlinear evolution of the coupled DW and GAM system,
as shown in Fig. 1, where the dependence of GAM am-
plitude on time is given. Specifically, the first phase, oc-
curring in ¢t = 0—200w, ! in Fig. 1, shows an exponential
growth of GAM as a result of the spontaneous excitation
by DW [11, 19], while the second phase, dominating in
t = 200 — 600w, !, corresponds a saturated stage charac-
terised by comparable level of DW and GAM, oscillating
in a manner of a limited cycle oscillation. The first phase
corresponds to the “linear” growth stage of the nonlinear
process, typically referred to as PDI phase, and has been
studied intensively [11, 19, 36]. Hence, before proceed-
ing with the more complicated fully nonlinear process,
we shall demonstrate the validity and generality of the
present two-field model by recovering the results obtained
from the well-studied PDI model in the early stage of the
nonlinear process.

In the “linear” growth stage where the DW is only s-
lightly modified by nonlinear effects, DW can be separat-
ed into a pump wave (wp, kp) with fixed amplitude and a
lower sideband (wg, kg) with the amplitude much small-
er than that of the pump DW, i.e., ¢4 = ¢p + ¢5 with
the subscripts “P” and “S” denoting pump DW and side-
band, respectively. This corresponds to the pump DW
(mother wave) resonantly pumps energy to two daughter
waves, i.e., DW sideband and GAM; while on the other
hand, the feedback of two daughter waves to the pump
DW is negligibly small.

The DW lower sideband equation is readily ob-
tained from Eq. (8) with selection rule in frequen-
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FIG. 1: Evolution of GAM amplitude.

cy/wavenumber matching conditions applied
wsDgAs = TyApEq. (10)
Similarly, the GAM equation is obtained from Eq. (9) as
WabgEq = —a;mTgApd,02 As. (11)

Egs. (10) and (11) are exactly Egs. (9) and (10) of
Ref. [19], with the resonant k. and w obtained from
the frequency and wavenumber matching conditions, i.e.,
wprer*fC’dw*p?kf =0, and w2—wé—C’Gwép?kf =0.
Thus, it is verified theoretically that the two-field model
can be reduced to PDI in the proper limit.

As obtained in previous investigation [19], there are
several main conclusions revealed from the PDI, which
are, first, GAM is excited as the nonlinear drive from
DW overcomes the threshold due to GAM and DW Lan-
dau damping rates; second, the nonlinear growth rate
is proportional to k,.['gAp as the nonlinear drive is well
above threshold, which readily gives that excitation of
short wavelength kinetic GAM (KGAM) is preferred;
and third, the nonlinearly excited GAM and DW lower
sideband are coupled together, and propagate at Vo =
(VG + Vd)/2, with V; = 2C4k, and Vg = Cngkr/w*
being the linear group velocities of DW and GAM, re-
spectively. Note that the linear group velocity of GAM
is typically much smaller than that of DW by O(wg /wi),
and that GAM is typically nonlinearly excited by DW
turbulence, this explains the experimental [37] and sim-
ulation [38, 39] observations of GAM propagation much
faster than that predicted by linear group velocity. Note
again that k, and w are determined by the matching con-
dition, and thus the frequency ratio wg/w.

These results are reproduced by solving the general ful-
ly nonlinear two-field equations numerically. The spatial-
temporal evolution of GAM is shown in Fig. 2a, with the
red dashed line indicating the path of the spontaneously
excited GAM, from which the GAM nonlinear propaga-
tion velocity can be measured, and is compared with the
predicted speed of the coupled DW sideband-GAM en-
velope Ve [19]. The dependence of resonant k, and the
velocity of the coupled DW sideband-GAM wavepack-
et on the frequency ratio wg/w. are given in Fig. 2b,
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FIG. 2: (a) temporal-spatial evolution of GAM in the
linear growth stage, with the red dashed line indicating
the path of the excited mode; (b) dependence of the
group velocity and resonant k, on frequency ratio
wa /wy, obtained both numerically (dashed) and
theoretically (solid).

where the red solid curve is the resonant k, from match-
ing conditions, and the red dashed curve is the k, from
numerical solution of the two field equations. On the oth-
er hand, the theoretically predicted propagation velocity
Ve is given by the solid blue curve, while the numeri-
cally measured propagation velocity is given by the blue
dashed line. The numerically obtained k, and propaga-
tion velocity both agree well with the theoretical solution
[19]. In Fig. 3, it is shown that, for given wg/w, = 0.1,
after a transient process, the resonant radial wavenum-
ber is approximately k,.p; = 0.32, which is the same as
that obtained from the matching conditions.

As for the nonlinear growth rate of GAM, as is
shown in Fig. 4a, the GAM amplitude grows quasi-
exponentially with time, with its growth rate being mea-
sured from the slope of the red dashed line. The GAM
growth rate dependence on k,.I'gAp is plotted in Fig.
4b, showing a clear linear dependence, which indicates
that the excitation of shorter radial wavelength KGAM
is favored. In conclusion, the main results of PDI are
convincingly reproduced using the two-field model equa-
tions both theoretically and numerically, thus, it would
be safe to conclude that our two-field model is able to
recover the PDI in the linear growth stage.

IV. SOLITON FORMATION AND
TURBULENCE SPREADING

In the second stage of the nonlinear process as shown
in Fig. 1 that, the Ag < Ay condition is no longer sat-
isfied (and thus the “DW sideband”), and both of their
amplitudes saturate, the separation of DW into pump
wave and lower sideband is no longer valid. Therefore,
the fully nonlinear DW-GAM two-field model is need-
ed to account for the higher k, mode excitation, soliton
structure formation by DW self-trapping and subsequent
turbulence spreading [24].

The spatial-temporal evolution of DW envelope ob-
tained from the numerical solution of the coupled two
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FIG. 3: The k,-spectrum of GAM at
t = 150,175,200w; !, with the frequency ratio
wag/we = 0.1.
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FIG. 4: (a) blue solid line is the logarithm of GAM
amplitude in ¢ = 0 — 200w !, while the red dashed line
indicates the linear fitting; (b) dependence of PDI
growth rate on the k,.I'gAp, with the red dots
representing the numerical results and the blue solid
line being the linear fitting.

field equations is shown in Fig. 5, where an initially load-
ed DW envelope splits into multiple convectively propa-
gating wave structures after t = 200w, ! due to sponta-
neously excited GAM, suggesting the formation of DW
solitons [24]. A snapshot of the DW and GAM radial
mode structures at ¢t = 425w, ! is given in Fig. 6, where

DW evolution

-200

FIG. 5: Spatial-temporal evolution of DW envelope.
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FIG. 6: The mode structure of DW-GAM envelope
soliton at ¢ = 425w, !, with the deep blue dashed line
being the DW initial envelope, blue dashed, red solid
and black solid lines being the DW envelope, real part
of the DW and GAM, respectively.

one-to-one correspondence of radially fast varying DW
structures and slowly varying GAM are clearly exhibit-
ed, indicating that the DW radial envelope is modulated
by spontaneously excited GAM radial electric field, i.e.,
self-modulation/trapping of DW. [41] Consequently, a t-
wo scale spatial-temporal analysis can be employed, by
taking Ay = Agoug exp(—iwt + ik,r), i.e., O = 0 — iw,
Op = 0¢ + ik,, with k, > —i0¢ and w > i0,.. Here, Ago,
ug are the initial amplitude and radial envelope of the
DW, respectively. The normalized DW-GAM two-field
Egs. (8), (9) can be reduced to

(37 —i6g — VqOe + ZCdag) ug = —tloguqgFg, (12)
(0- + VgOe)Eg = k. Tooim A%y 0gu. (13)

Here, 64 = w — 1+ Cyk? is the small deviation from DW
linear dispersion relation due to nonlinear effects. Thus,
we introduce n = 6(€ + Vy7) to transform the solution
f(&,7) to the soliton frame of reference, in which the
soliton solution can be represented as f(n), with ¢ be-
ing a small parameter representing slowly varying radial
envelope. Subsequently, the nonlinear equations for the
DW and GAM can be combined into a single ordinary
differential equation in the form of nonlinear schordinger
equation

Cdézug — dquq + )\ug = 0. (14)

Here, A = k,a;7T3A%,/(Va + Vi) represents nonlinear
trapping effect, and u/} = d*ug/dn?. The equation clear-
ly reveals the competition between the nonlinear trapping
and the linear dispersion, while solitary structures corre-
spond to equating the three coefficients of uj, uq and uz,
that is,

52C; = w—1+ Cdkg = /\/2. (15)

The nonlinear DW frequency can be expressed as w =
1 — Cgk? + \/2, with the last term on the RHS being

Soliton velocity
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FIG. 7: Dependence of soliton velocity on k,.p;, with the
red dashed and blue solid lines representing the
numerical and theoretical results, respectively.

the nonlinear frequency upshift. The small parameter
can also be obtained, 0 ~ I'gA4/(2C4). Furthermore,
the velocity of the DW soliton can be readily obtained
as VJ = 2C4\/k2 — \/(2Cy), with the superscript “s”
denoting soliton, which is valid if k. 2 T'gAg/2Cy ~ 4.
This fact is consistent with the assumption of two scale
analysis. The nonlinear velocity deviates from the lin-
ear DW group velocity due to the upshift of frequency
and so does the corresponding k, with the same fre-
quency. The DW soliton structure can be solved as
Ag = Aqgosinh[0(r + V;t)] exp(—iwt + ik,r)), which can
be substituted into Eq. (13), and yields the GAM elec-
tric field as Eq = Egosinh®[6(r + Vt)] exp(—iwt +ik,r),
which is in the hyperbolic sine form, acting as a poten-
tial well to trap the DW envelope, qualitatively consis-
tent with the numerical results. It is noteworthy that in
DW self-trapping region, e.g., r = 150 — 200p; in Fig. 6,
GAM electric field can be understood as potential well
in the radial direction to trap the DW eigen-function, in
addition to that of system nonuniformity in Eq. (6), i.e.,
the diamagnetic well w, (r).

It is crucial to identify the velocity of these solitons due
to its relation to nonlocal transport. The dependence of
the velocity of the DW soliton on k&, is shown in Fig. 7,
with the solid curve being the numerical results while the
dashed curve corresponding to Vj. Thus, the DW soliton
propagates at V] o 2k, rather than Vo o< k, predicted
by the PDI model, due to the self-consistent trapping by
GAM generation.

Besides the evolution of the nonlinear DW-GAM sys-
tem in physical space, the k, spectrum evolution is also
informative. The left and right panels of Fig. 8 give the
k. spectrum of DW and GAM, respectively. As shown in
the left panel of Fig. 8, the k, spectrum of DW is initial-
ly a Gaussian centered at k. = 0. Later, the parametric
excitation of GAM scatters DW into the resonant k, de-
termined by the matching condition (k.p; ~ 0.32), on
which the subsequent increasing of DW wavenumber is
based. The DW is further scattered by GAM into higher
k. regime, as a result typical for the nonlinear dynamics.



DW spectrum GAM spectrum

FIG. 8: The k,-spectrum evolution of (a) DW, and (b)
GAM, respectively.
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FIG. 9: Collision of “DW” envelope solitons.

The DW dispersiveness is directly related to k,, which
competes with the nonlinear trapping effect induced by
GAM. However, the k,. of excited modes will not increase
consistently as expected, possibly due to the fast propa-
gation of high k, modes out of the interacting zone.

To further verify whether the split structures are soli-
tons, two initially Gaussian DW envelopes are loaded,
which then evolve and collide at about ¢ = 250w_ !, as
shown in Fig. 9. However, their amplitude and shape
do not change after the collision, which is a significan-
t feature of solitons. The solitary structures are able
to enhance turbulence spreading. As shown in Fig. 10,
the nonlinearly generated solitons propagate to a much
broader radial extent than the linear dispersion, thus en-
hancing turbulence spreading from linearly unstable to
stable region. The radial propagation of the coupled
DW-GAM soliton exhibits convective nature, with r o ¢,
which is much faster than any diffusive process, with
r o« vt. As a consequence, the nonlocal transport, a
meso-scale phenomena, may occur and influence the orig-
inal local turbulence transport, which may be the reason
for the drastic transition of transport size scaling.
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FIG. 10: The DW envelope at t = 0, 300, 450w ! for
both nonlinear and linear cases.

V. CONCLUSION AND DISCUSSION

In this paper, the two-field model, governing nonlinear
interaction between DW and GAM, is derived and inves-
tigated in nonlinear gyrokinetic framework. The numer-
ical solution of the two-field model exhibits two phases
with distinctive features, i.e., the linear growth stage and
nonlinear saturated stage, with the former being exten-
sively investigated by the well-studied PDI. This paper
investigates both stages, while emphasizes the results in
the latter. Furthermore, the influence of the DW-GAM
solitons on the turbulence spreading from linearly un-
stable to stable region and its relation to the nonlocal
transport and core-edge interaction are also discussed.

In the linear growth stage, the main results of the well-
studied PDI, i.e., matching conditions for the resonant
decay, the nonlinear growth rate of GAM and enhanced
GAM radial propagation, are reproduced. Furthermore,
in the nonlinear saturated stage, the initially spatial-
ly smooth DW envelope splits into multiple convective-
ly propagating soliton structures, which are observed to
spread to a much broader radial extent than the linear
dispersion, exhibiting a convective propagation (r ~ t),
instead of the typical dispersive behavior (r ~ v/t) of
linear propagation. The existence of soliton structures
are further verified by the “collision” of the structures
formed by two initially loaded DW envelopes, which are
observed to preserve their structures after the collision.
The theoretical treatment yields a nonlinear schodinger
equation describing the nonlinear evolution of DW due to
GAM excitation, clearly indicating the competition be-
tween the quadratic DW kinetic dispersiveness and non-
linear trapping effect induced by GAM.

The theoretical analysis of the two-field model is not
treated in a formal manner, which, however, provides a
comprehensive model to investigate fully nonlinear DW-
GAM system, while though only the basic and prelim-
inary aspect of the model has been illuminated in the
present work. Many important issues remain to be clari-
fied. On the one hand, the DW and GAM should both be
excited self-consistently from noise level under relevant



profiles. On the other hand, the system nonuniformity,
introduced by the nonuniformity of the diamagnetic drift
frequency wi (), may have even more significant effect on
the nonlinear evolution than that in the PDI [19], and is
expected to affect the nonlocality of turbulence intensity.
These aspects will be investigated in a future publication.
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