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Abstract: The sawtooth-like oscillations resulting from the nonlinear evolution of the
m/n=2/1 double tearing mode (DTM) are numerically investigated through the three-
dimensional, toroidal, nonlinear resistive-MHD code (CLT). We find that the nonlinear
evolution of the m/n=2/1 DTM can lead to sawtooth-like oscillations, which are similar
to those driven by the kink mode. The perpendicular thermal conductivity and the
external heating rate can significantly alter the behaviors of the DTM driven sawtooth-
like oscillations. With the high perpendicular thermal conductivity, the system quickly
evolves into the steady state with m/n=2/1 magnetic islands and helical flow. However,
with the low perpendicular thermal conductivity, the system tends to exhibit sawtooth-
like oscillations. With a sufficiently high or low heating rate, the system exhibits
sawtooth-like oscillations, while with an intermediate heating rate, the system quickly
evolves into a steady state. The pressure evolution of the sawtooth-like oscillations
agrees well with that observed in EAST. At the steady state, there exist the non-
axisymmetric magnetic field and strong radial flow, and both are with helicity of
m/n=2/1. Like the steady state with m/n=1/1 radial flow, which is beneficial for
preventing the Helium ash accumulation in the core region, the steady state with
m/n=2/1 radial flow might also be a good candidate for the advanced steady-state
operations in future fusion reactors. It is also found that the behaviors of the sawtooth-
like oscillations are almost independent of Tokamak geometry, which implies that the
steady state with saturated m/n=2/1 magnetic islands might exist in different Tokamaks.

3 Corresponding Author: zwma@zju.edu.cn

1/23



L Introduction

Scenarios with internal transport barriers (ITB) associated with reversed magnetic
shear are designed as one of the advanced steady-state operations in future fusion
reactors [1, 2]. The reversed magnetic shear can suppress trapped electron modes[3]
and ballooning modes[4], which significantly improves energy confinement[3, 5-7].
However, severe MHD instabilities, often observed in Tokamaks with the reversed
magnetic shear, can significantly degrade the energy confinement. These MHD
instabilities sometimes lead to periodical oscillations of the plasma pressure in the core
region[8-13], which are similar to the sawtooth oscillations (or sawteeth). As a result,
these periodic oscillations are named off-axis sawteeth for annular pressure crashes and
on-axis sawteeth for core plasma pressure crashes [8, 13, 14], or continuous MHD
activity[10].

The MHD instabilities studied in the references [8-13] are related to the double
tearing mode (DTM) with m > 2, which is a typical MHD instability for the reversed
shear system. To avoid confusion with the m/n=1 kink-driven sawtooth, we name the
oscillations driven by m>2 DTM as sawtooth-like behaviors or sawtooth-like
oscillations in the present paper. It should be noted that, although the linear and
nonlinear evolutions[15-23], as well as the nonlinearly explosive growth of DTM[24-
32] and DTM suppression[33-42], have been intensively investigated, the periodic
oscillations associated with the DTMs (i.e., sawtooth-like oscillations) are rarely
numerically investigated.

In the present paper, we will focus on the characteristics of the sawtooth-like
oscillations, including the period and the amplitude of the oscillations, the typical
pressure profiles, and flow patterns during the oscillations. We find that the behaviors
of the sawtooth-like oscillations can be altered with different perpendicular thermal
conductivities or heating rates. With proper heating rate or high perpendicular thermal
conductivity, the system quickly reaches a steady state with the non-axisymmetric

magnetic field and strong radial flows, which is similar to the steady state observed in
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the sawtooth oscillations driven by the kink instability.[43] However, the dominant
mode is the m/n=2/1 DTM in the reversed magnetic shear configuration, while it is the
m/n=1/1 kink mode in the monotonous q profile configuration. Like the m/n=1/1 steady
state, the quasi-stationary state associated with m/n=2/1 DTM is also sawtooth free and
can avoid severe pressure crashes. Meanwhile, the radial flow can help prevent Helium
ash accumulation in the core region for future fusion reactors. Such kind of a steady

state might be important for advanced operations in future fusion reactors.

II. Numerical model

The resistive-MHD equations utilized in CLT[44] are given as follows:
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wherep, p, v, J, B, and E are the plasma density, the plasma pressure, the fluid

velocity, the current density, the magnetic field, and the electric field, respectively. The

subscript “0” denotes the initial quantities. I'(=5/3) is the ratio of specific heat of the
plasma. In CLT, the electric field is used as an intermediate variable for the purpose of

keeping V-B=0. All the variables are normalized as follows: x/a—>x,t/t, >,

ol pp—=>p0, pl(Bylu)—>p,vIv,—>v /(B! pa)—J,B/B, >B, and
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E/(v,B,) > E, respectively. By, and p,, are the initial magnetic field and the
plasma density at the magnetic axis, respectively. « 1is the minor radius,

v, =By /Py is the Alfvén speed, and ¢, =a/v, isthe Alfvén time. 7,D, K,
k,, H, and v are the resistivity, the diffusion coefficient, the perpendicular and

parallel thermal conductivity, the heating rate, and the viscosity, respectively, which are
normalized as follows: 17/ (yya’ /t,)—>n ,D/(a’/t,)—>D ,x /(a’/t) >« ,
k /(@ /t)—>K , H/(a’/t,)>Hy,and v/(a’/t,)—>V.

Since the present paper investigates the sawtooth-like oscillations, external heating
sources are needed so that the oscillations can continue. For simplicity, we assume that
all external heating sources are included in the last term in Eq. (2). Such a form of an
external source always heats the plasma towards a peak distribution of the plasma, and

the heating rate is proportional to /,. Meanwhile, we add a source term in Ohm’s law

(Eq. (5)), and this term acts as the flux pump so that the magnetic surface could restore

the initial status after crashes.

III.  Simulation results

A. The sawtooth-like oscillations

The most recent experimental observations of sawtooth-like oscillations caused by
the nonlinear evolution of the m/n=2/1 DTM are reported by the EAST team.[13, 45]

In the present paper, we utilize similar parameters from EAST, i.e., the major radius

R, =1.85m , the minor radius a = 0.45m , the elongation E=1.9, the triangularity o =0.5,

the toroidal field B,~2T, and the plasma current [, ~0.7MA4 . We also choose a

typical q profile with the reversed magnetic shear for the m/n=2/1 DTM. The initial q
profile and pressure profile are shown in Figure 1. The distance between the two q=2
resonant surfaces are Ar=0.35a . The initial equilibrium is derived from the

QSOLVER code.[46] Other normalized parameters used in this subsection are chosen

4/ 23



to be 7=3x10°, D=1x10"*, x =3x10°,x=5x10>, H,=3x10°, and v=3x10".

s
The grids used in the simulations are 256x32x256 (R, @, Z) . The convergence studies

have also been carried out with different time steps and spatial resolutions.
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Figure 1 Initial q profile and pressure profile.

The time evolutions of the kinetic energy for different toroidal modes are shown in

Figure 2. It indicates that the kinetic energies for all toroidal modes experience

periodical oscillations. The oscillation period of the kinetic energy is about 4500¢,. We

further decompose the n=1 component with different poloidal mode numbers m. The

evolution of E, =~ is shown in Figure 3. The dominant mode is the m/n=2/1 mode,

which confirms that the m/n=2/1 DTM drives the oscillations. Not only the kinetic
energy, other characteristics such as the on-axis plasma pressure also periodically
oscillate with the same period 7 ~4500¢,, as shown in Figure 4. The simulation results

are similar to the oscillations observed in EAST[13], JET[12], ASDEX-UJ[10],

Rijnhuizen Tokamak[9], and TFTR[8]. It is evident that although the system has no g=1
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resonant surface, it still could experience periodical oscillations.

somewhat similar to sawteeth driven by the m/n=1/1 resistive-kink mode, but the

dominant mode is the m/n=2/1 DTM.
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Figure 2 The time evolutions of the kinetic energy for different toroidal modes. It is

evident that all modes experience periodic oscillations, and their periods are the same,

T ~ 4500z, .
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Figure 3 The evolution of the toroidal electric field Ej, . Since the modes with

different mode numbers are located at different radius, we choose the maximum E,

at each time step to indicate the amplitudes of the modes. The m/n=2/1 mode is the

dominant one throughout the simulation.

Figure 4 The evolution of the on-axis plasma pressure. It is evident that the on-axis
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plasma pressure also experiences periodical oscillations with the period 7' ~ 4500z, .

Snapshots of the Poincare plots of magnetic field lines during one sawtooth cycle

are shown in Figure 5, which confirms that the m/n=2/1 DTM drives the sawtooth-like

oscillations. At ¢ =25054¢, (Figure 5a), large m/n=2/1 magnetic islands at the two q=2

resonant surfaces form, which is the precursor of the pressure crash. It should be noted
that the plasma in the inner islands is hot while it is cold in the outer islands. Just before
the pressure crash (Figure 5b and c), the inner islands are gradually expelled outward
due to the inward expansion of the outer islands. As a result, the hot plasma core finally
squeezed out from the core region (Figure 5d). This is one of the basic features of the
on-axis pressure crash, which is similar to the experimental observations[8, 13]. After
the severe pressure crashes, the external heating and magnetic pump in Eq. (2) and Eq.
(5) become dominant, the system gradually recovers (Figure 5d), and a new cycle
begins (Figure 5e and f).

We have plotted the contour plots of the plasma pressure with the flow pattern at
the same moments in Figure 5. During the DTM precursor (Figure 6a), the plasma
pressure profile becomes flattened inside the islands, and the plasma flows generated
by the reconnection process are weak. Just before the pressure crash (Figure 6b and c),
an elongated hot plasma region forms due to the inward expansion of the outer islands,
as shown in Figures 5b and 5c. Meanwhile, strong radial flow is generated along this
hot plasma region.[31] This radial flow quickly transfers the hot plasma from the core
region to the outer region and leads to the on-axis pressure crash. Thereafter, the radial
flow is dissipated, and the on-axis plasma pressure starts to recover due to external

heating.
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t=26038 =26396

Figure 5 Snapshots of the Poincare plots of the magnetic field lines during one sawtooth

cycle.
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Figure 6 The contour plots of the plasma pressure with the flow patterns at the same
moments in Figure 5. The vector length in each figure has been normalized by the

maximum value in Figure 6c.

B. The sawtooth-like oscillations and the steady states associated with the
m/n=2/1 DTM
As shown in our previous studies, the plasma parameters (such as the viscosity) can
significantly influence the kink-driven sawteeth's behaviors. [43] The system can even
achieve a steady state with a saturated m/n=1/1 magnetic island with a low viscosity.
At the steady state, the sawtooth-free system can avoid severe pressure crashes. As a
result, it might be important for Tokamak operations.[47] The steady state with the
m/n=1/1 magnetic island has been widely investigated, but the steady state driven by

the DTM has rarely been discussed in the literature.
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In this subsection, we keep the heating rate to be the same with the perpendicular
diffusion rate (i.e., x, = H,), and scan from x, =H,=1x10"to x =H,=3x10".
As shown in Figure 7, the behaviors of the sawtooth-like oscillations are significantly

different. The amplitude of the pressure crash increase with increasing x, = H. For
k, =H,=1x10", the amplitude of the pressure crash is only about 3%, while for
K =H, =3x107, it is more than 20%. This is because, with the low heating

Kk, =H,=1x10", the system is weakly heated before the next crash. As a result, the

amplitude of the pressure crash is small.

It is interesting that the on-axis pressure quickly reaches a steady state with

k, =H,=3x10" as shown in Figure 7. This could also be seen from the kinetic

energy evolution with & = H,=3x10" (Figure 8). The system quickly reaches a

steady state after several cycles, and all the modes keep unchanged since then. As one
can see, these behaviors are similar to the steady state with the m/n=1/1 magnetic island.
However, as shown in Figure 9 and Figure 10, the system at the steady state has
saturated m/n=2/1 magnetic islands and plasma flow, which is different from the steady
state with the m/n=1/1 magnetic island.

As discussed by many previous studies, [48]the sawtooth-free steady state can not
only avoid the pressure crash but also prevent impurity accumulations in the core region
since the radial flow carries both plasma and impurity from the core to the outer region.
It is implied that the steady state with the m/n=2/1 DTM might also be a proper

candidate for the high confinement operation.
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Figure 7 The evolutions of the on-axis plasma pressure with different x, =H,.
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Figure 8 The kinetic energy evolution of the different toroidal mode numbers with

Kk, = H,=3x10". The system reaches a steady state after ¢~ 30000¢,.
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Figure 9 The Poincare plots of magnetic field lines at the steady state at ¢ =0°,

$=90°, and ¢=180° inthe EAST geometry.

th
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Figure 10 The flow patterns and pressure profiles at the steady stateat ¢ =0°, ¢=90",

and ¢ =180 in the EAST geometry.

C. The influence of the perpendicular thermal conductivity and the heating
rate on the sawtooth-like oscillations.

As shown in Subsection III. B, the behaviors of the sawtooth-like oscillations are
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sensitive to the perpendicular thermal conductivity and the heating rate. However, it is

still not clear which parameter is the dominant one because we assume «, =, for

simplification. In this subsection, we will investigate the influence of the two
parameters separately.

To study the influence of the perpendicular thermal conductivity, we scan from
kK, =1x10°to x, =3x10", and keep H,=3x10". As shown in Figure 11, the
perpendicular thermal conductivity could largely alter the behaviors of the sawtooth-

like oscillations. For example, with &, =3x107, the total kinetic energy quickly

saturates, and the system reaches a steady state. While, with x =1x 107, the system
exhibits good periodicity. The evolutions of the on-axis plasma pressure for the fixed
heating rate ( H, =3x10"") with different perpendicular thermal conductivities are

shown in Figure 12 that clearly indicates that the system is more easily to evolve into

the steady state with a high perpendicular thermal conductivity.
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Figure 11 The evolutions of the total kinetic energy for the fixed heating rate

(H, =3x107") with different perpendicular thermal conductivities.
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Figure 12 The evolutions of the on-axis plasma pressure for the fixed heating rate

(H, =3x107") with different perpendicular thermal conductivities.

Similarly, to investigate the influence of the heating rate, we scan from
H,=1x10"to H,=2x10"with the fixed conductivity x, =3x10"°. The evolutions
of the total kinetic energy for the fixed perpendicular thermal conductivity

(x, =3x 107°) with different heating rates are shown in Figure 13. We find that, with a

moderate heating rate (i.e. H,= 1x107), the system can evolve to the steady state.

However, with a relatively high or low heating rate, the system exhibits a sawtooth-like
oscillation. Such tendency can also be seen from the evolutions of the on-axis plasma

pressure as shown in Figure 14.
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Figure 13 The evolutions of the total kinetic energy for the fixed perpendicular thermal

conductivity (x, =3x107°) with different heating rates.
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Figure 14 The evolutions of the on-axis plasma pressure for the fixed perpendicular

thermal conductivity (x, =3x107°) with different heating rates
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D. The sawtooth-like oscillations in the ITER geometry

In this subsection, we utilize similar parameters from ITER to investigate the

sawtooth-like behaviors in ITER. The major radius R, =6.20m , the minor radius

a =2.0m, the elongation E=1.7, the triangularity o =0.3. Since we only focus on the
internal instabilities, the simulation boundary is chosen to be the last closed surface in
the present paper. The initial q and pressure profiles vs. the minor radius are the same
with Figure 1, and other normalized parameters are also kept the same as in Section III.

B. With the ITER geometry, the on-axis plasma pressure evolutions with different

k, =H, are qualitatively the same as EAST. As shown in Figure 15, the system
exhibits the sawtooth-like oscillation with &, = Hj=3x 10°°, while, it quickly reaches

the steady state with &, = H, =3x107. Similarly, the strong radial flow and the large

m/n=2/1 magnetic islands exist at the steady state (Figure 16 and 17).

We have also carried out simulations to investigate the sawtooth-like oscillations
with different Tokamak geometries (the ASDEX-U and TFTR). Since the results are
qualitatively the same, we do not present these similar results in the present paper. These
studies indicate that different Tokamak geometries only weakly affect the behaviors of

the sawtooth-like oscillations.
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Figure 15 The evolutions of the on-axis plasma pressure with the different x, = H in

the ITER geometry simulations.

Figure 16 The Poincare plots of magnetic field lines at the steady state at ¢ =07,

$=90",and ¢=180° in the ITER geometry.
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Figure 17 The flow patterns and pressure profiles at the steady state at ¢ =0",¢ =90,

and ¢ =180° inthe ITER geometry.

IV.  Discussions and conclusions

The sawtooth-like oscillations driven by the m/n=2/1 DTM are numerically
investigated through the three-dimensional, toroidal, nonlinear resistive-MHD code
CLT. Similar to the kink-driven sawtooth oscillations, both the kinetic energy and the
on-axis plasma pressure oscillate with the same period. The dominant mode is the
m/n=2/1 DTM throughout the oscillation periods. The evolutions of the on-axis

pressure and the pressure profiles are consistent with the observations in EAST.[13, 45]

We have systematically investigated the influence of the heating rate H and the

perpendicular thermal conductivity on the behaviors of the sawtooth-like oscillations.
We find that, with a higher perpendicular thermal conductivity, the system is more
easily to evolve into the steady state; however, with a low perpendicular thermal
conductivity, the system tends to exhibit sawtooth-like oscillations. We also find that
the behaviors of the sawtooth-like oscillations can be altered by imposing different
heating rates. With a relatively high or low heating rate, the system exhibits sawtooth-
like oscillations, while, the system quickly evolves into the steady state with an
intermediate heating rate.

At the steady state, the system has a non-axisymmetric magnetic field and a strong
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radial flow, which is similar to the steady state observed in the kink-driven sawtooth
oscillations.[43] The helicity of the saturated magnetic islands and the plasma flow is
m/n=2/1 for the DTM dominant steady state, while it is m/n=1/1 for the kink mode
dominant steady state. As we know, the radial flow can help to expel the Helium ash,
and thus prevent Helium ash from accumulating in the hot core. Even more, the
sawtooth-free steady state will not experience severe pressure crashes naturally. Like
the steady state with the m/n=1/1 magnetic island, the steady state with the m/n=2/1
DTM is also beneficial to preventing Helium ash accumulation in the core region and
avoiding the severe pressure crash. It implies that such kind of the scenario might be
important for future fusion reactors. We have also carried out systematical simulations
to investigate the sawtooth-like oscillations with different Tokamak geometries. We
find that the behaviors of the sawtooth-like oscillations and the steady state are
qualitatively the same in different Tokamak geometries. Therefore, we believe that the
steady state, with the dominant mode m/n=2/1 DTM, could widely exist in present

Tokamaks.
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