On scattering and damping of Toroidal Alfvén eigenmode by drift wave turbulence
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We demonstrate analytically that, in toroidal plasmas, scattering by drift wave turbulence could
lead to appreciable damping of toroidal Aflvén eigenmodes via generation of short-wavelength elec-
tron Landau damped kinetic Alfvén waves. A corresponding analytic expression of the damping
rate is derived, and found to be, typically, comparable to the linear drive by energetic particles. The
implication of this novel mechanism on the transport and heating processes in burning plasmas are

also discussed.

Microscopic drift wave (DW) turbulences are intrin-
sic to magnetically confined plasmas such as tokamaks
[1]. These electrostatic waves have, typically, frequencies
in the range of electron/ion diamagnetic drift frequen-
cies and perpendicular wavelengths comparable to ion
Larmor radii. On the other hand, shear Alfvén waves
(SAWS) or, more precisely, Alfvén eigenmodes (AEs) ex-
cited by energetic particles (EPs) [2-4], have been ob-
served in current experiments [5-7], and predicted for fu-
ture burning plasma experiments such as ITER [8]. Since
these EP-driven AEs have direct bearing on the confine-
ment of EPs (including fusion « particles) and, conse-
quently, the plasma performance, it is crucial that the
stability properties be accurately assessed. In this Letter,
we demonstrate analytically, for the first time, that am-
bient DWs could lead to appreciable damping of toroidal
Alfvén eigenmode (TAE) [2] by cross-scale couplings via
direct nonlinear wave-wave interactions. Physically, this
damping occurs because DWs scatter the TAE into short-
wavelength kinetic Alfvén waves (KAWSs) [9] which are
then Landau damped by, mainly, electrons. An explicit
analytic expression of the DWs-induced damping rate is
derived and, for typical tokamak parameters, is found to
be comparable to the EP-driven TAE growth rate. We
also note that the novel nonlinear wave-wave interactions
carry significant implications to confinement and heating
processes in burning plasmas.

Let’s consider a tokamak plasma with circular mag-
netic surfaces and a large aspect ratio, i.e., e =r/R < 1.
Here, r and R are, respectively, the minor and major
radii of the torus. We, furthermore, take 8 = P/B? ~
O(€%) < 1, the equilibrium distributions be Maxwellian,
and the density be nonuniform. However, in order, as a
paradigm model, to simplify the analysis, we have, for
now, neglected the effects of finite temperature gradients
and trapped particles. Thus, the present work is focused
on the roles played by electron drift waves in scattering
and damping of TAE. With § < 1, magnetic compres-
sion can be neglected, and we may adopt d¢ and 64
as the field variables. Here, d¢ is the scalar potential
and §A| is the parallel component of the vector poten-
tial; i.e., A ~ JA b and b = Bg/By. The perturbed
distribution function, df; with j = e, 4, then obeys the

following nonlinear gyrokinetic equations [10]

0fj = —(e/T);60Fn; + exp(—p; - V)dg;, (1)
and
(O +vb -V +vq-V+ (dug;)s - V) dg,
= (e/T);Fa; (0r + iwsj)(exp(p; - V)OL)a-  (2)
Here, Fpr; is the Maxwellian distribution, €; =

(eBo/mc)j, va = b x [(v? /2)VIn By + vﬁb - Vb] is the
magnetic drift velocity, (A), denotes the gyro-phase av-
eraging of A, (Juy;)q = (¢/Bo)b x V{exp(p; - V)4L)q,,
0L = ¢ —v|6A)/c, and w,j = —i(cT/eBy) ;b x VIn Nj -
V. The governing field equations, meanwhile, are the
quasi-neutrality condition

> [(Noe?/T);6¢ = ¢;((Jidg);)u] = O, 3)

Jj=e,t

and, for Alfvén waves, the nonlinear gyrokinetic vorticity
equation in the wave-vector form [11]

iky0J e + (No€®/T);(1 = Ti) (O + iwsi) kO
- Z<61kadagj> = Z Aﬁ:/ {5A||k’5<]\|k”/0

J k=k’+k’’
—€i<(J}ch/ — Jk//)§Lk/§gk//i>y} . (4)

We note that, in equations (3) and (4), k should be
strictly understood as an operator; i.e., k = =iV, ik =
b-V,and k% = -V2, (---), = [d®v(---), Jy = Jo(kLp),
Ty = Io(b)exp(=by), by = k%p?, pi = vy/Q with
vy = \/1i/m;, Ip being the modified Bessel function,
and Jo(kppe) =~ 1 since |kipe|> < 1. In equation (4),
6J) satisfies the Ampére’s law 0J) = —(c/4m)V3 4,
and wy = vg - k. Meanwhile, on the right hand side
of equation (4), A¥, = (¢/By)b - (k" x k'), and the two
nonlinear terms correspond, respectively, to the Maxwell
and generalized gyrokinetic ion Reynolds stresses. Note
also that, since the ambient DWs are electrostatic, the
Maxwell stress does not contribute to the scattering of
TAE and, hence, can be ignored in the present analysis.

Adopting the ballooning-mode representation [12], we
let the ambient stationary DW fluctuation be d¢s =



Yo, (0¢n, +c.c.)/2, and
O0¢n, = (Te/e)An, exp(—iwn, t + ins)
X ZeXp(—imse)q)s(nsq - ms)a (5)

where & and 6 are, respectively, the toroidal and
poloidal angle coordinates, ¢(r) is the safety factor, and
I |®@s2d(neg — ms) = 1 is the normalization. We now
let 29 = (wo, no) be the test TAE with frequency wy and
toroidal mode number ng. The scattering would occur
for each d¢,, , denoted as Q5 = (wp,,ns), and gener-
ate upper and lower sidebands denoted, respectively, as
Qy = (wy =wo+wp,,ny =ng+ns) and Q_ = (w_ =
Wn, —Wo,N— = Ng—ng). As will be shown later in the de-
tailed analysis, the nonlinearly generated £+ quasimodes
correspond to mode-converted high-n KAWs [9]; which
are Landau damped by, mainly, electrons and, as a con-
sequence, the scattering will contribute to the damping
of the test TAE. The net damping rate is then given by
the sum of all Q4 over ng,.

First, let us investigate the €2 channel. Analysis for
the Q_ is similar. Noting that [kjvse| > |wi| > [kjvgl
for all the modes considered here, we then find, from
equation (2), dgr = 5g,(€1) + §g,(62), where

& Wxs
og!) ~ (T) Fa (1= )+ T80, (6)

and

Wie
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are the linear responses, and 6 = (wdA)/ck)x is the
effective potential due to the 0;0A4)/c induced parallel

electric field. The nonlinear responses, 6g,(€2), meanwhile,
are given by

s e
593-21') ~ _Z(AO/WO)JojsTFMi (
i

Wi

) 66360, (8)

with, recalling again, A§ = (¢/Bg)b - (ko1 x ks1), and,
noting €2, being an electrostatic mode, 59536) ~ 0. Apply-
ing the quasi-neutrality condition, equation (3), we then
obtain

w

0Y4 = 044001 + i(Af/wo) D1-0¢00ds, 9)

where
o = [14+7—7T%(1 — wii /w)k]/(1 — wie/w)k, (10)
Dy = 7(wsi/w)s Fye /(1 = wae/w)4, (11)

T =T,/T;, and Fy = (JyJoJsFpi/No)». Applying the
nonlinear gyrokinetic vorticity equation, equation (4),
meanwhile, yields, after straightforward algebra,

wiy (1-T4) VX ki bk
(1 Cw )+ by 00+ = (b w? )+5¢+]

= —i(AS/wo)’Y+5¢s(5¢Oa

Tb+

(12)

where V4 = By/+/4m Nom, is the Alfvén speed, and

Y4+ = T7[[s = Lo + (Wi /w)s(F — T's)]. (13)

Combining equations (9) and (12) then leads to the de-
sired equation demonstrating the nonlinear generation of
Q4 quasimode by €2, and Qo;

Thyeaydpy = —i(Af/wo)B+0¢sbo, (14)
where
wiei\ (1 —T%) Vj k| bk
= — _— _— * 1
€Ak (1 W)k o (b 2 kak (15)
is the linear SAW/KAW operator, and
Wxq
By = 7(Ts —F0)+r( » )S
2 k) bk
% F+ o Fs o & [|7]] Tb+F+ (16)
b w? ) (1= wee/w)yt

Next, we consider the feeding back to {2y via nonlinear
coupling between Q, and Q. Note that the test TAE
Qg evolution is also affected, on the same footing, by the
other channel of €25 and Q* coupling, and the treatment
is similar to the analysis of €24 and QF couplings pre-
sented in the following equations (17) to (28). The Q_
contribution will be added in equation (29). Noting that
0g1i = 5911@‘) + 6gfi) given by equations (6) and (8), we
readily find

o = () Fare () (A3 /w0) T+ 86756.

+(A8/OJ(])2J()J52‘5¢5|2(5¢0} . (17)

The second nonlinear term in equation (17) is due to

6gfi), and may be regarded as the diagonal nonlinear
term. The quasi-neutrality condition then yields

1o = (040 + a0ld¢s|*) dd0 — i(A /wo) Dy 66566+, (18)
where
Do+ = T(wwi /w) s Fy /(1 = wie/W)o,

and ap = —(A§/wo)?T(wii/w)sFe with F, =
(JEJ2Fn\i/No)y leads to negligible nonlinear frequency
shift. The nonlinear gyrokinetic vorticity equation, equa-
tion (4), meanwhile, yields,

(-2, 555 i

V2 ky bk (A \
) <I;4 L |>O‘W’°} _ (wg) AF 066+, (20)

(19)

where

70+ =T [Fs =Ty + (w*i/W>S(F+ - FS)] ) (21)



and af = —(A§/wo)?(wsi/w)s(Fy — Fy)/bo also leads to
negligible nonlinear frequency shift. Combining equa-
tions (18) and (20) and neglecting the nonlinear fre-
quency shift, we obtain the desired equation

Thoeaodo = i(A§/wo) By 6¢E0¢+, (22)

where

B = (0200s — 0 F4 [T) /00 = B Jowo.  (23)

In deriving equation (23), we have noted, in the non-
linear analysis, that Q4 and 2y are normal modes; such
that 7(wsi/w)s =~ —(1 + 7 — 705)/Ts and |ea00¢0| =~
O(1565[2) 6o

Equations (14) and (22) are the coupled equations for
d¢o and d¢,; which yield, formally,

Tbo€ a00Po = l<A0> By 09 67+5¢s do. (24)
*(Tbieaq)

Equation (24) can be solved analytically by em-
ploying the scale separation between d¢y and §¢s.
More specifically, as TAE is typically excited by
EPs, one has kogpgp = (nog/r)pep ~ O(1) and,
for DWs, ksp; ~ O(1); and, hence, |ng/ns| ~
O(pi/pep) ~ O(T;/Tep|'/?) < 1. Denoting x, =
(R/ns,r/mg,1/nsq’) and xg = (R/ng,7/mo,1/noq’) as
respectively, the microscopic DW and macro/mesoscopic
TAE scales, and expanding d¢g = Po(xg) + i)o(xs,xo)
with |®o|/|®o| ~ O(|0¢s|?) < 1, equation (24) then be-
comes, after averaging over the x, scale,

Thoeao®o = ((A§/wo) By 60% B+ (Threay) ™ 0ds)sPo(25)

where noting equation (5) and denoting zs = nsq — ms
as the dimensionless microscopic DW radial coordinate,

((--)169s %)
/1/ dzs(- Z\@ zs)|

- 3E) T
_ ;() ZlA / e (20

Focusing, furthermore, on the stability due to
Im(1/e44) which can be formally expressed as
Im(1/es4+) = —md(eay). Noting also that, in equa-
tion (25), B16(ea+) = (B4 /041)0(ea) and By given by
equation (23). Applying the two-scale expansion; i.e.,
k3, >~ k2, + 2key - koo ~ k2| 4 2kgkor, to By, we

obtain
3 — ns§— Wnst) —ims6
B+0¢n, =~ A e E e ( 3T, )

x (OT's/0bs)(2ikorpi) (K Sgpl)s(“)q) /0zs, (27)

and § = rq¢'/q. Meanwhile, from equation (23),
By der = [B166n.]* /oo We remark that, Im(1/eqy) =
—7d(ea4) physically corresponds to absorption of the
mode-converted Q4 KAW via electron Landau damping
and, since the absorption occurs predominantly in a nar-
row region near the SAW resonance layer [9], its absorp-
tion rate can be quantitatively estimated by the Aflvén
resonance absorption [13, 14];

m(1/eas) = —md(eas) = —(m/4o.s)0(2% — 21). (28)

Here, we have noted €4 given by equation (15), ki ~
kg = (nsqg—my)/qR = zs/qR and 25 = (1—w.;/w)(1—
T )(@/wa)2 /(beous), wa = Va/aR, (wfwa)s ~ 1/2,
and by ~ by =~ bgy for typical moderately to strongly
ballooning DWs. Substituting equations (27) and (28)
into equation (25), the TAE equation then becomes

Tbo [EAO + ilj(korpi)z] (I)() = O, (29)
where v = vy +v_, and

7 [ Q)2 o ar,1?
~ - == A, |? s &
e F(0) Sk () )

00, /0z,)2,. (30)

Xb39§2 (O’Eizi)

In deriving equation (29), we have noted, again, that
while the Q2 channel results in the vy damping, the anal-
ysis of the _ channel is similar and yields the v_ term.

Equation (29) can be readily solved perturbatively in
the ballooning space, 7. Let ®(n) be the lowest-order
eigenmode; i.e., i)oéAO("], 8,,,w0)<i>0(77) =0 and wg = wo,+
ivAD, wWith v4p being the TAE damping rate induced by
DW scattering. Here, from equation (15),

2
i)()éAo = Z)O — <(.:),3) 87760(1 + 260 cosn)&?,

bo = (14 5n?), e = 2(A’ +r/R) and A’ ~ r/R is the
radial derivative of the Shafranov shift. Equation (29)
then gives

2 A oA oa A oa ~
YAD <(I>0b0<1)0> = — <‘I)0b0Vb()9§27’]2©0> . (31)
Wor n n

Here, (4), = ffooo Adn. Given that, for TAE [2],

®, = [Acos(n/2)+Bsin(n/2)] exp(—)\|77|)/i)(1)/27 and \2 =
[(1+€0)/4 = (wo/wa)?][(wo/wa)?® = (1 = €0) /4] ~ O(?);
equation (31) then yields

YAD 1 vbg$

wWor 4 )\2 (3 )

Equation (32) is the desired analytic expression for
TAE damping rate due to scattering by DWs. To ob-
tain a quantitative estimate of y4p, we take |®;(z5)| =

(w—1/4A;1/2)€XP(—Z§/2A§) with Ay 2 1 such that



neighboring poloidal harmonics overlap to produce the
ballooning mode structure. We then have, in equation
(30), |0®,/0zs|? ~ (23 /7'/2A%); noting |z+| < 1/2 and
A 2 1. Taking typical parameters, |Q.;/wo| ~ O(10%),
Zns |An, [? = |edgs/Te|? ~ |0ns/No|* ~ O(107%), bep ~
§~ 1~ O(), 422 ~ O(€%) ~ O(107 — 1072), and
|24 |/AS ~ O(1071Y), we find (yap/wor) = —O(1—10)bos.
As the EP drive maximizes around kogprpp ~ O(1), we
have bog ~ (kogprp)?(T;/Tgp) ~ T;/Tep and for, typ-
ically, Ti/TEP ~ 0(10_2)7 (’yAD/wOT) ~ —0(10_2 —
10~1). We note that theoretical studies have shown that
TAE instabilities excited by EPs have typically growth
rates Ygp/wor ~ O(1072) [4], vap, thus, could be gener-
ally comparable to vgp, and, consequently, could signif-
icantly reduce or even, with sufficiently large DW inten-
sity, suppress TAE fluctuations. This raises the interest-
ing implication that, in a burning plasma, with the pres-
ence of microscopic DW turbulence, the critical gradient
of a-particles could be upshifted; leading to improved
a-particle confinement and, thereby, enhanced thermal
plasma heating. Another important implication is that,
as the high-n KAW quasi-modes are dissipated, mainly,
by electrons, the scattering and damping processes dis-
cussed here could provide a collisionless channel of trans-
ferring a-particle energy to electrons via excitations of
TAEs. Indeed, assuming the dissipated TAE wave en-
ergy is absorbed by electrons, we readily find that

(dBe/dt)ap = 4|vap||6B1/Bol?
~ 01072 — 107 Y 4wo,|0B1 /Bo|?. (33)

Taking, typically, |§B) /Bo| ~ 5 x 1074 [15] and wp, =~
10%/s, we have, (dB./dt)ap =~ O(107%2 — 10~ 1s71).
As a comparison, electron heating by EPs (a-particles)
with, e.g., a slowing down time 7sp ~ O(10%ms),
is (dﬁe/dt)Ep ~ 0(10871)6Ep ~ O(l — 10871)58 ~
0O(1072 — 10~ !'s71). Here, we have assumed Bgpp ~
O(1sp/7E)Be with 7p being the electron energy con-
finement time is, typically, a fraction of 8. and, again,
Be ~ O(1072). These estimates suggest that (dfB./dt) ap
could, potentially, contribute significantly to “anoma-
lous” electron heating in burning plasmas.

In conclusion, we have employed the nonlinear gyroki-
netic theory and investigated analytically the effects of
ambient stationary DW turbulence on the linear stabil-
ity of TAE via direct nonlinear wave-wave interactions.
Our analysis demonstrates that the scattering of TAE
by DWs could lead to appreciable damping of TAE due
to electron Landau damping of the nonlinearly generated
high-n KAW quasimodes. A corresponding analytical ex-
pression of the damping rate is derived and, for typical
parameters, the predicted damping rate could be com-
parable to the TAE growth rate driven by EPs. Our re-
sult, thus, suggests not only an additional TAE damping
mechanism; but also carries interesting implications to
improved a-particle confinement as well enhanced colli-

sionless heating of electrons in burning plasmas. Finally,
we remark that, as noted earlier, our analysis adopts a
paradigm electron DW model, where we keep nonuni-
form densities but assume uniform temperatures. It is
obviously desirable to extend the present analysis to in-
clude finite temperature gradients and possible trapped-
particle effects, as well as to other types of AEs; e.g.,
reversed shear Alfvén eigenmode (RSAE) [16, 17] and
beta-induced Alfvén eigenmode (BAE) [6, 18]. These
and other possible extensions are currently under inves-
tigation and will be reported in the future.
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